MULTIVARIABLE TWISTED ALEXANDER POLYNOMIAL FOR 
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Abstract. We consider a sign-determined Reidemeister torsion with multivariables 
for a hyperbolic three-dimensional manifold with cusps. Using a cut and paste 
argument, we prove that this Reidemeister torsion is a polynomial invariant when 
provided with appropriate conditions on the topology of the manifold and SL2{C)- 
representations of its fundamental group. Under such assumptions, it is proved that 
this polynomial invariant is reciprocal like the usual Alexander polynomial. It is 
also shown that a differential coefficient of this polynomial invariant provides the 
non-acyclic SL2 (C)-Reidemeister torsion. Moreover, we show a covering formula for 
a finite abelian covering, which gives the Reidemeister torsion of a covering space by 
the product of those of the base space manifold. 



1. Introduction 

Twisted Alexander invariants are playing an important role in low-dimensional topol- 
ogy and has many applications and relations with other theories, especially Seiberg- 
Witten invariants theory. One can refer to S. Friedl and S. Vidussi's survey [FV] for 
a general exposition. Twisted Alexander invariants have been defined as refinements 
of the usual Alexander polynomial by using a linear representation of a group by X-S. 
Lin [LinOl] and M. Wada [Wad94]. Both definitions use Fox differential calculus for the 
fundamental group of a manifold; and one can notice that Fox differential calculus is 
closely related to local system on manifolds. This point of view leads to the theory of 
Reidemeister torsions. Twisted Alexander invariants have been expressed as a kind of 
Reidemeister torsion by T. Kitano [Kit96], P. Kirk and C. Livingston [KL99]. Since their 
works, twisted Alexander invariants has been regarded as Reidemeister torsions with a 
variable. Twisted Alexander invariants contain various information on the underlying 
topology of the manifold and is theoretically simple to compute using a presentation of 
the fundamental group of the manifold. Further observe that, in many cases, twisted 
Alexander invariants are not polynomial invariants. It depends on the choice of repre- 
sentations whether twisted Alexander invariants turn into a polynomial or not (on this 
divisibility problem for link exteriors, see [KMOS, Wad94]). 

In this paper, we consider a particular twisted Alexander invariant for hyperbolic 
three-dimensional manifolds with coefficients in the adjoint representation associated to 
generic irreducible representations of its fundamental group into SL2(C). Our interest 
to such twisted Alexander invariant for hyperbolic three-manifolds lies in the fact that 
the adjoint representation associated to the discrete and faithful representation of the 
complete hyperbolic structure contains deep information on the underlying geometry 
and topology. This twisted Alexander invariant is constructed using the theory of (sign- 
refined) Reidemeister torsions, and it turns out that this invariant is a polynomial under 
certain conditions (see Theorem 12). Hence we call it the ^'polynomial torsion" of the 
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manifold. In general, Reidemeister torsions are considered sign-less, but following Tu- 
raev's theory of sign-refined torsions (see [Tur86]) and using some additional structures, 
e.g. homology orientations, we can solve this ambiguity. So that, all our results hold 
with a well-defined sign. 

We begin the study of the polynomial torsion by exploring its symmetry properties. In 
fact, we prove that the polynomial torsion is, as the usual Alexander polynomial, recip- 
rocal up to a well-defined sign (see Theorem 14; see also [HSW] for a general discussion 
on reciprocality of twisted Alexander invariants) . This property are closely related to the 
duality of the Alexander polynomial. Next we develop several explicit computations for 
particular three-manifolds like fibered manifold over the circle, for example, the figure 
eight knot exterior and the Whitehead link exterior. Our observation next proceeds to 
a relation between two different kinds of Reidemeister torsions. One is an "acyclic Rei- 
demeister torsion" , and the other is a "non-acyclic Reidemeister torsion" . We deal with 
the polynomial torsion as an acyclic Reidemeister torsion and the non-abelian SL2(C)- 
Reidemeister torsion as a non-acyclic one (see [Por97]). It is shown that the non-abclian 
Reidemeister torsion is provided as a limit of the polynomial torsion after taking quo- 
tient by factors as (t'^ — 1). This means that a differential coefficient of the polynomial 
torsion works as a bridge which connects these two Reidemeister torsions. We call this 
relation a derivative formula of the polynomial torsion (see Theorem 19). The simplest 
case was found in [Yam08]. Such a formula seems to be useful for explicit computations 
of the non-abclian Reidemeister torsion, in fact we can find computation examples as an 
application of the simplest derivative formula in [DHY09] (see also Equation (41) for the 
case of the Whitehead link). 

In the last part of the paper, we develop the theory of Reidemeister torsion for a finite 
sheeted abelian covering. This study was motivated by J. Porti's work [Por04], in which 
he gives a new proof of Fox's formula for the Alexander polynomial using Reidemeister 
torsions theory. Fox's formula (see [BZ03]) computes the order of the first homology 
group of a finite cyclic branched cover of a knot or a link as the product of the values of 
the Alexander polynomial at roots of unity. Here we deal with a three-manifold whose 
boundary is tori and finite abelian coverings. The roots of unity in Fox's formula arc 
derived from the realization of a covering transformation group as a finite cyclic group in 
complex numbers. For a cyclic covering, our covering formula derives a similar formula 
of the polynomial torsion as Fox's one, which provides the polynomial torsion of the 
total space by the product of the polynomial torsions of the base manifold in variables 
multiplied by roots of unity. 

Organization 

The outline of the paper is as follows. Section 2 deals with some reviews on the sign- 
determined Reidemeister torsion for a manifold and on the multiplicative property of 
Reidemeister torsions (the Multiplicativity Lemma) which is the main tool for computing 
Reidemeister torsions by using a cut and past argument. In Section 3, we set down 
technical assumptions used in the whole of this article and gives the definition of the 
polynomial torsion for a manifold with or without boundary. Sections 4 and 5 give a 
brief exposition of several preliminary properties of the polynomial torsion: we give a 
change of coefficients formula and show a relation between the polynomial torsion and 
the usual Alexander polynomial in the case of abelian representations. In Section 6, we 
prove that the polynomial torsion is generically a polynomial by using a cut and paste 
argument and the multiplicative property of Reidemeister torsions (see Theorem 19). 
The symmetry properties of the polynomial torsion are investigated in Section 7 (see 
Theorem 14). Section 8 presents some examples of computations of the polynomial 
torsion: we proceed with the study of fibered manifolds over the circle, and next explicitly 
compute the polynomial torsion for the figure eight knot exterior and for the Whitehead 
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link exterior. Section 9 is devoted to a derivative formula which gives a bridge joint 
between the polynomial torsion and the non-abelian Reidemeister torsion in the adjoint 
representation associated to an SL2(C)-representation (see Theorem 19). In Section 10, 
we consider the polynomial torsion of covering spaces. A Fox's type formula for the 
polynomial torsion (see Theorem 26) and the problem of the sign are stated and proved. 
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2. Preliminaries 

2.1. The Reidemeister torsion. We review the basic notions and results about the 
sign-determined Reidemeister torsion introduced by V. Turaev which are needed in 
this paper. Details can be found in Milnor's survey [Mil66] and in Turaev's mono- 
graph [Tur02]. 

Torsion of a chain complex. Let C* = (0 — ^Cn — ^C„_i — ^-^ — -^Co — *-0) be a 
chain complex of finite dimensional vector spaces over a field F. Choose a basis c'*' of 
Ci and a basis h' of the i-th homology group Hi{C*). The torsion of C* with respect to 
these choices of bases is defined as follows. 

For each i, let b* be a set of vectors in Ci such that di{h^) is a basis of Bi-i = 
im(fii : d Ci-i) and let h* denote a lift of h' in Zi ~ kcr(fii : d Ci-i). The 
set of vectors di+i (b*+i)h*b* is a basis of d. Let [di+i(b*+i)h*b7c*] e F* denote the 
determinant of the transition matrix between those bases (the entries of this matrix are 
coordinates of vectors in c?,i_|.i(b'+^)h*b' with respect to c'). The sign- determined Reide- 
meister torsion of C* (with respect to the bases c* and h*) is the following alternating 
product (see [TurOl, Definition 3.1]): 

n 

(1) Tor(a,c*,h*) = (-1)1^-1 • [][d,+i(b»+i)h^bVc^](-i)'^' eF*. 

i=0 

Here 

iai = ^afc(a)/3,(a), 

where ai{C*) = Z^fc^o"^™*^*: ^'^'^ ft(C*) = Z]fe=o *i™^fe('^*)■ 
The torsion Tor(C*, c*, h*) does not depend on the choices of b* nor on the lifts h*. 
Note that if C* is acyclic {i.e. if Hi = for all i), then |C*| = 0. 

Torsion of a CW-complex. Let ly be a finite CW-complex and (V, p) be a pair of a vector 
space with an inner product over F and a homomorphism of iriiW) into Aut[V). The 
vector space V turns into a right Z[7ri (iy)]-module denoted Vp by using the right action 
of niiW) on V given by f • 7 = p{l)~'^{'v)^ for v and 7 G niiW). The complex of the 
universal cover with integer coefficients C^,{W;'E) also inherits a left Z[7ri(iy)]-module 
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via the action of tti{W) on W as the covering group. We define the V^-twisted chain 
complex oiW to be 

C,iW;Vp) = Vp(g>zi^^^w)] C^iW-Z). 
The complex C^,{W]Vp) computes the Vp-twisted homology of W which we denote as 
H,iW;Vp). 

Let {e^^, . . . , e^. } be the set of i-dimensional cells of W. We lift them to the uni- 
versal cover and we choose an arbitrary order and an arbitrary orientation for the cells 
{e\, . . . , e^. }. If we let {vi, . . . , v,n} be an orthonormal basis of V, then we consider the 
corresponding basis 

c"^ = {vi e\, . . . e\, ■ ■ ■ ,vi el^^, . . . el^.} 

of Ci{W; Vp) = Vp (^z[t7i{w)] C^{W; Z). Wc call the basis c* = ®iC* a geometric basis of 
C^{W;Vp). Now choosing for each i a basis h* of the T/p-twisted homology Hi{W;Vp), 
we can compute the torsion 

Tor{C4W;Vp),c*,h*) G C*. 

The cells { | ^ z ^ dim 1 ^ j ^ } are in one-to-one correspondence with the 
cells of W, their order and orientation induce an order and an orientation for the cells 
{e^- I ^ i ^ dimly, 1 ^ j ^ n^}. Again, corresponding to these choices, we get a basis 
4 over K ofCi{W]R). 

Choose an homology orientation of W, which is an orientation of the real vector 
space H^{W;R) = ^^^q Hi{W;R). Let o denote this chosen orientation. Provide each 
vector space Hi{W; R) with a reference basis hjj such that the basis {h{^, . . . , hj^™^} 
of H^,{W;R) is positively oriented with respect to o. Compute the sign-determined 
Rcidcmcister torsion Tor(C*(W^; R), c^, h^) e R* of the resulting based and homology 
based chain complex and consider its sign 

TO = sgn(Tor(a(W^;R),c^,h^)) e {±1}. 

We define the sign-refined twisted Reidemeister torsion of W (with respect to h* and 
o) to be 

(2) To-ToT{C,iW;Vp),c*,h*) e¥*. 

This definition only depends on the combinatorial class of W, the conjugacy class of p, 
the choice of h* and the homology orientation o. It is independent of the orthonormal 
basis of V, of the choice of the lifts e*, and of the choice of the positively oriented basis of 
i/*(VF;R). Moreover, it is independent of the order and orientation of the cells (because 
they appear twice). 

Remark 1. In particular, if the Euler characteristic x(^) is zero, then we can use any 
basis of V because the effect of change of bases is the determinant of base change matrix 
with power of xi^)- 

One can prove that the sign-refined Reidemeister torsion is invariant under cellular 
subdivision, homeomorphism and simple homotopy equivalences. In fact, it is precisely 
the sign (— l)!*^*! in Equation (1) which ensures all these important invariance properties 
to hold (see [Tur02]). 

2.2. The Multiplicativity Lemma for torsions. In this section, we briefiy review 
the Multiplicativity Lemma for Reidemeister torsions (with sign). 

Multiplicativity Lemma. Let 

(3) O^Ci^C^C'J^O 
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be an exact sequence of chain complexes. Assume that CI, C* and C" are based and 
homology based. For all i, let c'*, and c"* denote the reference bases of C[, Ci and C" 
respectively. Associated to (3) is the long sequence in homology 

^H,{C',)^H,{C.)^H,{C':)^H,-i{C:)^ ■ ■ ■ 

Let Tisf denote this acyclic chain complex and base 7i3i+2 = Hi{C'^), Ti^i+i — Hi{C^) 
and Hsi = Hi{C'J) with the reference bases of Hi{C'^), Hi{C^) and Hi{C'J) respectively. 
If for all i, the bases c'*, and c"' are compatible, i.e. c* c'* U c"\ then 

Tor(a,c*,h*) 

= (_l)a(c:,c:')+e(c:,C.,c:') Tor(C:,c'*,h'*)Tor(C:',c"*,h"*)Tor(7^,,{h*,h'*,h"*},0) 
where 

a{Cl,C':) = ^a,_i(C:)a,(C:') e Z/2Z 

and 

e(c:,a,c:') ^ + +/3,(c:')) + e z/2z. 

The proof is a careful coraputation based on linear algebra, see [Tur86, Lemma 3.4.2] 
and [Mil66, Theorem 3.2]. This lemma appears to be a very powerful tool for computing 
Reidemeister torsions. It will be used all over this paper. 

3. Definition of the polynomial torsion 

In this section we define the polynomial torsion. This gives a point of view from the 
Reidemeister torsion to polynomial invariants of topological space. 

Hereafter M denotes a compact and connected hyperbolic three-dimensional manifold 
such that its boundary dM is empty or a disjoint union of b two-dimensional tori: 

= Tj^ U . . . U T'^. 

In the sequel, p denotes a representation of tti{M) into SL2(C). The composition of 
p with the adjoint action Ad of SL2(C) on 512(C) gives us the following representation: 

Adop: 7ri(A/) ^ Aut{s\2{C)) 

7 (w p(7)wp(7)"i) 

We let s[2(C)p denote the right Z[7ri(7\jf)]-module s[2(C) via the action Ado p^^. 

Now we introduce the two different twisted chain complexes which will be considered 
throughout this paper. 

The first twisted complex under consideration is the complex C*(A/;s[2(C)p) defined 
by: 

(4) a(M;sl2(C)p) =s[2(C)p®zKi(A/)] a(M;Z), 

is called the sl2(C-) p-twisted chain complex of M. The twisted chain complex C*(M; 5(2 (C)p) 
computes the so-called 5l2{C) p-twisted homology denoted by H^{M) ~ iJ* (M; s[2(C)p). 
We will use the symbol T'*^ to denote the sign-refined Reidemeister torsion of C^,{M;sl2{C)p). 

Next we introduce a twisted chain complex with some variables. It will be done by 
using a Z[7ri(A/)]-module with variables to define a new twisted chain complex. We 
regard Z" as the multiplicative group generated by n variables ti, . . . ,tn, i.e., 

Z" = {ti,...,tn\t,tj =tjt,{yi,j)) 

and consider a surjective homomorphism ip: tti{W) Z". We often abbreviate the n 
variables (ti, . . . , t„) to t and the rational functions C{ti, . . . , i„) to C{t). Moreover, we 
write sl2(ti, . . . = sl2(C(t)) for C(*) «)£ sl2(C) for brevity Note that s[2(C(t)) is 
naturally identified with sl2{C{t)) which is the vector space of trace free matrices whose 
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components are rational functions in C(t) = C(ti, . . . ,tn). The group tti{M) acts on 
5(2 (C(t)) via the following action: 

(fi^Adop: 7ri(A/) ^ Aut{C{t) (E) sl2iC)) = Aut{5l2{C{t))). 

Thus, s[2(C(f)) inherits the structure of a right Z[7ri(A/)]-module, s[2(C(t))p, and we 
consider the associated twisted chain C*(Af; 5l2(C(t))p) given by: 

a(M;5[2(C(t))p) =sl2(C(t))®z[.i(A/)] a(M;Z) 

where f ® v ® ^ ■ a is identified with ffij) ® Adp(^^yi(v) ® a for any 7 G 7ri(Af), 
a € C*(M]Z), V G 5[2(C) and / G C(*). We call this complex the sl2{C{t))p-twisted 
chain complex of Af, and its homology is denoted i?*(Af;s[2(C(t))p). 

Now we define geometric bases. We choose a basis of 5(2 (C), for example, 

a geometric basis c* of C*(Af;sl2(C)p) is obtained from the CW-structure of M. The 
geometric basis c* automatically gives us the geometric basis l(8)c* of C*(Af; s[2(C(t))p). 
In all this paper these two bases will be abusively denoted with the same notation. 

Definition 1. Fix a homology orientation on A/. If C*(A'/;5l2(C(t))p) is acyclic, then 
the sign-refined Reidemeister torsion of C*(A'/;5l2(C)p): 

A^J^^^^^ih, . . . ,t„) = To • Tor(a(A/;s[2(C(t))p),c*, 0) G C(ii, . . . , i„) \ {0}. 
is called the polynomial torsion of Af . 

Note that the sign-refined Reidemeister torsion of A'^f^'''"'' is determined up to a 
factor t™^ • • • i™" such as the classical Alexander polynomial. 

Example 1. Suppose that Af is the knot exterior Ek = \ N{K) of a knot K in 
S^. If the representation p G Hom(7ri(i?/f ); Q) is the trivial homomorphism and (p is 
the abelianization of tti{Ek), i.e., ip : tti(Ek) Hi(Ek',Z) — (t), then the twisted 
chain complex C* (£^a'; Q(Op) is acyclic and the torsion ^.^^^^^^{t) is expressed as the 
Alexander polynomial divided by (t— 1). (see [Tur02]). We will mention again a relation 
between the Alexander polynomial of a knot in Section 5. 

3.1. Technical assumptions. In this subsection, we give some sufficient conditions on 
the compact hyperbolic three-manifold M whose boundary is empty or consists of a 
disjoint union of tori and on the representations p and p which assure the acyclicity of 
the twisted chain complex C* (Af ; sl2(C(t))p). 

For A/ with boundary, we require assumptions on the topology of A/, on the surjective 
homomorphism p of 7ri(A'/) onto Z" and on the SL2(C)-representation p. The assumption 
on p is also related to the topology of Af, we will show this in the second half of this 
subsection. 

We also prove that if M is a hyperbolic knot exterior, p : tti (A/) Z the abelianization 
and p: 7ri(Af) — *■ SL2(C) the holonomy (i.e. the discrete and faithful representation), then 
all our assumptions are satisfied. 

3.1.1. Topological assumption for M . Let b be the number of components of dM. We 
let T^^denote the ^-components of dM. The usual inclusion i : dM M induces an 
homomorphism : Hi{dM; Z) Hi{M; Z). First we assume the following condition on 
the homology group Hi{M; Z): 

(Am) the homomorphism : Hi{dM; Z) Hi{M; Z) is onto and its restriction 
has rank one for all £. 
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Thus we can choose two closed loops fie and Xe on such that the homology classes 
llie] and |Af] form a basis of Hi{Tf]X) and the image generates the subgroup 

im(i|'j^2)» and |Af] generates the kernel of (^17^2)^. We call ^e. a meridian and \t a 
longitude. 

We let A denote the set (Ai, . . . , At) C dM of such generators of kcr (/?|^^(y2') and call 
A the multi-longitude curve. 

Remark 2. From the homology long exact sequence of {Ad, dM), it follows that &i(Af) = b 
and Hi{M;1) has no-torsions. 

Example 2 (Knot exteriors). Suppose that M is the exterior Ek of a hyperbolic knot 
K in . Here Ek = \ N{K) where N{K) is an open tubular neighbourhood of K. 
Then M = Ex satisfies the condition {Am)- This is due to the existence of a Seifert 
surface of the knot. 

Remark 3 (Link exteriors) . Let L be a hyperbolic link such that each components of the 
link bounds a Seifert surface missing the other components. This condition for a link 
L = Ki U . . . U Kf, is equivalent to that the linking numbers ik{Ki, Kj) are zero for all 
It is the reason that we can obtain the required Seifert surface by first choosing an 
arbitrary Seifert surface for 1^^^. and then getting rid of the intersections by adding tubes 
as in Fig 1. The intersections of such Seifert surfaces and the boundary OEl form a set 
of longitudes. 

Note that it is not necessarily the case that Seifert surfaces are disjoint if each compo- 
nent of a link L = Ki U . . . U Kb bounds a Seifert surface missing the other components. 
Links whose components do bound disjoint Seifert surfaces are called boundary links. 
For example, the Whitehead link L = A'l U K2 has the linking number £k{Ki, K2) = 0. 
Hence there exist two Seifert surfaces Fi {i ~ 1,2) such that dEi = Ki and Ei O Kj ~ (d 
{i 7^ .)). But in fact the Whitehead link does not bound disjoint Seifert surfaces since the 
Whitehead link is not a boundary link, for more details sec [Rol90, Chapter 5 E]. 

A manifold under our considerations has the same properties about the homology 
group as those of a boundary link exterior, i.e., it is a homology boundary link exterior. 




Figure 1 . The Whitehead link 



3.1.2. Assumption on ip. We suppose that ip: 7ri(Af) Z" = (ti,...,t„ | Utj = 
tjti, yi,j ) is a surjective homomorphism which satisfies the following assumption (in 
the case of manifolds with boundary) 

{Aip) the restriction ip^^_^(^rp2'^ of ip to the i-th boundary component is non-trivial and 
has rank 1, i.e. 

^{MTl)) = {tf ---ff) 
for some {af\ • • • , al^^) S N" \ {0}. 
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Remark 4. Every homomorphism from 7ri(M) to an abelian group factors through the 
abelianization Hi{M;Z) of tti{M), i.e., the following diagram is commutative: 

TTi{M) ^Hi{M;1) 




When we consider a surjective homomorphism tp onto Z", the induced homomorphism 
iph is also surjective. Together with the condition {Am), this means that n must be less 
than or equal hi{M) = b. Moreover we have the null-homologous closed curve \i on each 
Tf , every homomorphism ip has the multi-longitude consisting of these A^. 

Example 3 (Abelianization representation). Suppose that M is the exterior Ek of a 
knot K C or a link exterior El of a link L C whose linking number between 
arbitrary two components is zero. The abelianization (p: 7ri(M) Hi{M;Z) ~ Z** satis- 
fies Assumption (A^p). From Assumption (Am), it follows that 7?i(M;Z) = {/ii, . . . ,fj,b)- 
Assumption (A^) means that each entry of any representative matrix of (ph is non-zero. 

3.1.3. Assumption on Sh^iC) -representations. It is required for an SL2 (C)-representation 
p of ■Ki{M) to be a "generic" representation, which essentially means that p lies in the 
geometric component of the character variety. The character variety of tti (M) is the set 
of characters of SL2 (C)-representations. Here the character of an SL2(C)-representation 
p is a map 7ri(M) C given by the assignment 7 1— > tr p{^) for all 7 € 7ri(M), where tr 
denotes the usual trace of square matrices. This set has a structure of an affine algebraic 
variety (refer to [CS83]) denoted by X{M). For a complete hyperbolic manifold, the 
character variety X{M) contains the distinguished components related to the complete 
hyperbolic structure. These components arc defined by containing a lift of the holonomy 
representation 7ri(M) PSL2(C) [i.e., the discrete and faithful representation) deter- 
mined by the complete hyperbolic structure. We call these components the geometric 
components. 

Here A is the multi-longitude corresponding to p. The precise definition is given as 
follows. 

Notation. For each boundary component Tf of M, we fix a generator of the ho- 
mology group Hi^{Tf\B[2{C)p), i.e. a non-trivial vector € s[2(C) which satisfies 
Adp(g){Pj!) = for aU g e tti{TI) (for more details, see [Por97, Section 3.3.1]). 

Definition 2. For the multi-longitude A ~ {Ai, . . . , Af,}, an irreducible representation 
p is called A-regular if p satisfies the following conditions: 

(1) for each boundary component of dM, the restriction of p to 'Ki{Tf) is non- 
trivial; 

(2) the following homomorphism, induced from all inclusions A^ ^ A/ (1 ^ £ ^ 6), 

b 

0i?i(A,;sl2(C)p) ^ Hi{M-5h{C)p) 

i=i 

is surjective and; 

(3) if trp(7ri(r^^)) C {±2}, i.e., p{TTi{Tf) is contained the parabolic subgroup, then 
p(A,)^±l. 

Remark 5. The chain P^ ® \i becomes a cycle i.e., it defines a homology class in 
i7i(A;s[2(C)p). By [Por97, Proposition 3.22 and CoroUairc 3.21], for a A-rcgular rep- 
resentation p, we have the following bases of the twisted homology group: 

• the homology group Hi{M;5\.2{'C)p) has a basis ® Ai], . . . ,IP(^ ® Af,]}, 

• the homology group H2{M ; shlC) p) has a basis ® Tf], . . . ,lpP ® T^]}. 
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In [Por97, Definition 3.21], irreducibility is not required and the second condition is 
written by using twisted cohomology groups. Since we consider representations near the 
holonomy representation of tti (M) , we focus on A- regularity of irreducible representations 
in the present article. 

Here we use the same symbol and for lifts of and to the universal cover. 

Remark 6. For generic points on the geometric component of X{M), the corresponding 
SL2(C)-representations satisfy A- regularity. 

We assume the following assumption for SL2(C)-representation of tti{M) 

{Ap) the representation p: ni{M) SL2(C) is A-regular for the multi-longitude A 
determined by (p: tti{M) Z". 

Example 4 (Holonomy representation). Suppose that M is a hyperbolic three-dimen- 
sional manifold. Let pq: tti{M) — > SL2(C) be one of the two lifts of the discrete and 
faithful representation of tti{M) to PSL2(C) given by the hyperbolic structure. Porti 
proves [Por97] that po satisfies Assumption (Ap) for any system of homotopically non- 
trivial curves (71, . . . , 7f,). 

We mention a relation between the character variety X{AI) and the twisted homology 
group iJi(M;s[2(C)p) for A-regular representation. 

Remark 7. The twisted cohomology group {M ; sl2{C) p) is the dual space of the 
twisted homology group Hi{M; 512(C) p) by the Universal Coefficient Theorem. Fol- 
lowing [Thu02] and [CS83, Proposition 3.2.1] together with xi^) = Oj it is known that, 
near the discrete and faithful representation, the character variety X(M) is a complex 
aflSne variety with dimension b where b is the number of torus boundary components. In 
aflSne varieties, the dimension of Zariski tangent space is greater than or equal to that 
of a variety. The Zariski tangent space of the character variety can be included into 
H^{AI;sl2{C)p). We also have that the dime -ff^(M;s[2(C)p) = 6 near the discrete and 
faithful representation, thus all of spaces X(M), T^^''X{M) and H'^ [M ] s^^C) p) have 
the same dimension b. This means that the characters near the discrete and faithful rep- 
resentation arc smooth points and i7^(A/; 5l2(C)p) is identified with the tangent space 
T^^X{M) (see also [Por97, Chapter 3] for such identification). 

3.2. Acyclicity. This subsection is devoted to prove the acyclicity of C*(Af; sl2(C(t))p), 
i.e., H^,{M;sl2{C{t))p) — from our assumptions described above. Wc divide our dis- 
cussion in two steps: first we consider the case of manifolds without boundary, and next 
the case of manifolds with tori-boundary. 

3.2.1. The case of manifolds without boundary. The first step of the construction of the 
polynomial torsion is to prove that the twisted homology of M is trivial. 

Proposition 1. We have H^{M;sl2{C{t))p) = 0. 

The proof is based on techniques developed by Milnor in [Mil68] and requires the 
following lemma. 

Lemma 2. Let F be the fraction field C(ii, . . . , tn-i). The homology group 

H,{M-F[t^,t~^]®F MF)p) 

has no free part. 

Proof. The proof of Lemma 2 is based on Milnor's construction [Mil68]. Let M denote 
the infinite cyclic covering of M. We have ker(pr„ o ip) = 7ri(M) where pr„ : Z" Z 
denotes the usual projection. The action oi p ® Ad o p of F[tn, i^^] ®f 5\.2{F)p is given 
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by the tensor product of pr„ o Lp and (prj^, . . . , pr„_2^) o ip (g) Ad op ^ . Moreover, one can 
observe that 

The Milnor sequence: 

(6) -a (M; {F)p)^^C, (M; s[2(F)p)^^a (M; MF)) -0 

induces the following isomorphism: 

^H,{M-5h{F)p)^^H,{M-Bh[F)p) ^0 

□ 

Thus, the twisted complex (M; 5[2(C(t))p) is acyclic and the torsion is well-defined 
(even its sign if we provide M with its natural homology orientation, see e.g. [Tur02]): 

(7) A^f ^''°''(ti, . . . ,t„) = To • Tor(a(A/;s[2(C(t))p),c*,0) e C(ii, . . . ,t„). 
Here tq = sgn(Tor(a (Af ; R), cj, hj)). 

3.2.2. The case of manifolds with tori-boundary. In this section we suppose that the 
representations p: tti{M) SL2(C) under consideration satisfy Assumption {Ap). 

We prove again that the twisted chain complex (M; s[2(C(t))p) is also acyclic in 
that case. 

Proposition 3. We have H^{M;s[2{C{t)) p) = 0. 

The proof used the same ideas as in the case where the boundary is empty, but 
the techniques are rather different, actually we use the restriction map induces by the 
inclusion dM ^ M . In that case, Milnor sequence (6) induces the long exact sequence 
in twisted homology: 

(8) Q^H2{M-5\2{F)p)'-^H2{M-,MF)p)'-^H2{M-s{2{F)p) 

Hi{M-5[2{F)p) ^ Hi{M-5{2{F)p)'-^Hi{M;5{2{F)) ^ 0. 

As in the case of manifolds with empty boundary, we will prove the following lemma. 
Lemma 4. Let F he the fraction field C(fi, . . . , The homology group 

H4M;F[tn,t~^] ®FSl2{F)p) 

has no free part. 

Proof. The proof is by induction on the number n of variables ti, . . . ,tn. The first step 
is to prove the lemma in the case of a single variable t. 

(1). We prove that H^,{M;C[t,t~-^] (3icSt2(C)p) has no free part. 

Let Ag be the annulus in M over and b the number of the components of dM. The 
Milnor sequence for the boundary dM induces the first line of the following commutative 
diagram, the second one is the exact sequence of Equation (8), and the diagram is 
commutative because all the constructions are natural: 

^ eti i?2(T|;5l2(C)p) ^ H,{Ar,sl2{C)p) ^ 0^1 H,{Ae;sl2{C)p) ^ • • • 

|- ^ _■, ^ _ 
^ ff2(Af;s[2(C)p) ^i/^(I7;sl2(C)p) -//i(A/;sl2(C)p) • • • 

The proof is by contradiction, so we make the following hypothesis: 

(n) Hi{M-5\.2{C)p) ~ Hi{M-<C[t,t^^] ®cst2(C)p) has a free part of rank r > 0. 
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First observe that (because ^ and iJo(Af ;sl2(C)p) = 0): 

(9) rki?2(M;sl2(C)p) = rki?i(M;s[2(C)p) = r. 
Our proof is as follows and based on the following technical claim. 

Claim 5. The map Sq : 0^^i ^f2(Tf ;s[2(C)p) 0^^^ i/i(A£; s[2(C)p) in the previous 
diagram is non-trivial, and moreover for all £, Sg (l-P/ (8) T^J) ^""^ zero. 

Proof of the Claim. Let P^'' (1 ^ £ ^ 5) be the chosen invariant vector in s[2(C). Since 
dM = U^^iT|, we have HoidM;5l2iC)p) = 0^1 -^0(7?; sl2(C)p). It follows from our 
assumptions that iJ2(M; s[2(C)p) is generated by the vectors fP^ (g) T^j (1 ^ £ ^ 6) 
and -H"i(M;s[2(C)p) is also generated by the vectors |P/ Xe] (1 =^ ^ =^ b). The space 
H2iTl;5l2iC)p) is generated by |P/ (g) TH and we have: 

(10) Sa (IP/ ® T^]) = (1 + t + . . . + <'^^"i)lP; ® A,], 

where (fiii^i^) = > 0. Next it is easy to observe that each {J^k'^^o^ ^'')[^/ ^ ^ej is a 

non zero element in Hi{M;sl2{C)p), because its image by the map (t = 1) is |P/(g) Af], 
which is non zero in 7?i(M;s[2(C)p). This proves that ddM 7^ 0. □ 

Using the exactness of the Milnor sequence (8) and the Equation (9), we know that 

im(i = 1) ~ H2(M;M'C)p)/{{t - l)i?2(M;sl2(C)p) ^ 0. 

Since im(t = 1) = kerJ, we deduce that ker^ 7^ 0. Let ^ be a non zero element in kci 5 
and write it in H2{AP, sl2{'C) p) as follows: 

b 

1=1 

One has (see Equation (10)): 

b 

Sa{i) = J2 ^^(1 + * + ■■■ + t'^'-'Wi ® A,] 
e=i 

and thus, 

b 

{t = 1) o SaiO = Y.''MPe M- 

We prove now by contradiction that Sa{^) is non zero. If So{£,) = 0, then its image by 
{t = 1) is also zero, so = or bi = 0, for all i. Since ai > 0, for all i, we deduce that 
6^ = 0, for all i. So that, C = 0, which is a contradiction and thus 5g{£,) ^ 0. 

With our assumption we have {t = l)odo{^) = X]f=i a^fc^lP/® A^], and this element is 
non zero in Hi{M;sl2{'C)p) as we seen. But this is in contradiction with the fact that ^ is 
chosen in kerSg, so that the hypothesis (H) on the free part of Hi{M; C[t, t~^](8)csb(C)p) 
is absurd and proves Lemma 4 in the case of a single variable. 

(2). Now we finish the proof by induction on the number of variables, and suppose that 
H,{AP, C[i„^i,t;li] ®c st2(ii, . . . ,t„-2)p) 

has no free part. Thus, iJ* {M ; s[2(P)p) vanishes and the long exact sequence (8) induces, 
as in the case of manifolds without boundary, the isomorphism: 

^H, (M; 5I2 iF)p)^^H, (M; s[2(P)p) ^0. 

As a conclusion, C* (Af ; s[2(P)p) is acyclic. 

□ 

After choosing a homology orientation, the definition of the torsion is the same as in 
Equation (7). 
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4. Change of coefficients 

The aim of this section is to give some notation and explanation about the reduction 
of variables (for more details, see [Mil66]). 

Let (fi he a surjectivc homomorphism of 7ri(M) onto Z" = (ti, . . . , t„ | titj = tjti). We 
let h(^ai,...,a„) be the homomorphism of Z" into Z = (i), given by 

h{ai,...,a^){tl, ■ ■ ■ ,tn) = (t"', . . . , i"" ) 

where each ae is a positive integer. We use the notation ip(ai,...,a„) for the composition 
of (p and /i(ai,...,a„): 



(11) 7ri(Af)— ^Z" 




Observe that f{ai,...,a„) is onto if and only if CCD (ai,...,a„) is 1. Moreover 
¥'(c(i,...,a„) satisfies the condition {A^) since each ai is positive. 

Later in this paper, we often make a reduction of several variables into one variable. 
We let (fi he a surjective homomorphism of 7ri(M) onto Z" satisfying (A^) and p he 
an SL2(C)-representation satisfying {Ap). We choose relatively prime positive integers 
(ai, . . . ,a„) and let </'(ai,....a„) be the composition of and hi^ai,...,a„)- From Section 3.2, 
the Reidemeister torsion A'^f^'^°''{ti, . . . , tn) and A^]^"^ ' ""''^"^''"''(t) are defined for both 
the abelian homomorphisms ip and 'P[ai,...,an)- The following result (with sign) is a 
consequence of the definitions. 

Proposition 6 ([Mil66]). One has the following formula: 

5. A RELATION BETWEEN l^'^^^Adop CLASSICAL ALEXANDER INVARIANT 

The classical Alexander polynomial for a three-dimensional manifold with tori bound- 
ary whose first betti number is one or more is defined by using infinite abelian covering. In 
this section, we only consider the case where the first betti number of the three-manifold 
M is equal to one. The abelianization if of 7ri(M) maps 7ri(M) onto the infinite cyclic 
group Z = {t) and the Alexander polynomial is expressed as a Laurent polynomial A m (t) 
in the variable t. Here we prove a formula (see Equation (13)) which gives a relation 
between A'^f^'^°^{t) at an abelian representation and the Alexander polynomial of M. 

We let (fi^ denote the abelian representation of tti (M) into C* given by the composition 
of the abelianization ip with the substitution t i-^ ^ S C*. We also consider the abelian 
representation of 7ri(M) into SL2(C) given by di&g{(p^,if^-i). It follows by an easy 
computation that the adjoint action associated to have a nice presentation by diagonal 
matrices. Actually, we have the following lemma. 

Lemma 7. The image of is contained in the maximal abelian subgroup of SL2 (C) .■ 



Hyp 



a 




a e 



If J & TTi{M) is such that 93(7) ~ t*^, then the adjoint action associated to the hyperbolic 
element p^{j) is expressed as the following diagonal matrix: 

ip Ad o p^ (j) ^ ( t*^ 
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Here matrices are taken with respect to the basis {E, H, F} 0/5 12(C) as in Equation (5). 



Lemma 7 says that for every abelian representation the twisted chain complex 
C*(M;s(2(C(t))p^) is decomposed as follows 

a (M; sl2{C{t))p^ ) = a [M; C{ft)) (B (A/; C(0) ® (Af ; C(r'i))- 

Here C*(M;C(Ct)) denotes the complex C{t) ®,ri(Af) C»(Af;Z) twisted via the represen- 
tation (fiQ (g) tp. Further observe that C*(M; C(Ct)) is acyclic. 

Using the Multiplicativity Lemma, the torsion of the complex C^{M; sl2{C{t))p^), 

which is A^^"^'^°''^ (i) , is equal to the product of three torsions, namely the torsions of 
a(M; C{^^t)), of a(M; C(i)) and of C^M; C{^-H)). Each of these three torsions are 
expressed using the Alexander polynomial by the well-known equality: 

Proposition 8 ([Mil62]). The torsion of C^{M;C{Ct)) is given by 

AA/(a) 



(12) Tors(a(M;C(a))) 



(a-1) 



This result can be obtained by using Fox differentials, for details one can refer to [Mil62, 
Theorem 4] and to [TurOl, Chapter II]. 

Combining Equation (12) to the fact {S,'^t - l){^-^t - 1) = (i - C^)(i - C"^), we obtain 
the following decomposition of the torsion (f'j ^ 

Proposition 9. For abelian representation p^, we have 

iptgiAdopi^ , _ Aj\/ 

{t-e){t-m-i-^) ■ 



(13) ^1^""°"'^) = 



The decomposition in Equation (13) can also appear for some reducible, non-abclian 
representations. Such non-abelian representations have a special property in the char- 
acter variety X[M) of M: they have same characters as an abelian representation p^. 
The existence of such reducible, non-abelian representations is related to the roots of 
the Alexander polynomial AA/(i) of M . Here we review a relation between roots of the 
Alexander polynomial and reducible, non-abelian SL2(C)-representations. 

Let Xp denote the character Xp'- ^ C, 7 i-^ iv[p{'^)), associated to a repre- 

sentation p: Tii{M) — > SL2(C). E. Klassen [Kla91] proves that there exists a reducible, 
non-abelian representation ^/^^ ; 7ri(A'f) — > SL2(C) such that x^tpi = Xpu if ^^id only if 

Moreover we also have the following relation between a root of AA/(i) and SL2(C)- 
representation ■0^. 

Lemma 10 (Theorem 1.1 in [HPSOl]). //^^ is a simple root of the Alexander polyno- 
mial AA/(t), then the S1j2{^) -representation is the limit of an sequence of irreducible 
SL2 (C) -representations. 



When we move SL2(C)-representations to "0^ continuously, the polynomial torsion 

LP® 

M 



changes continuously and the limit turns into /^^f^'''°^^{t). In fact, this polynomial 



torsion for -0^ coincides with A^^'^'^"'''' (i). 

Proposition 11 (Proposition 3.8 in [Yam07]). // a complex number ^ is such that 
Aa/ (C^) = and A^^(^^) ^ 0, then the polynomial torsion for the corresponding re- 
ducible, non-abelian S1j2{C) -representation ip^ is given by 

/.iptgiAdoTp^,-. _ A A/ 

^' it~e)it~m-c-^) ■ 
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This coincidence conies from the fact that the image of is contained in the subset of 
upper triangulated matrices in SL2(C) and each adjoint action is expressed as an upper 
triangulated matrices whose diagonal components are the same as those of and Ado p^. 
The equation in Proposition 11 follows from computations similar to those which give 
us the Alexander polynomial by using Fox differentials. For more details, one can refer 
to [Yam07; Section 3.2] in the case of knot exteriors. 

Remark 8. Of course, the reducible SL2(C)-representation ip^ is not regular. But the 
homology groups of the twisted chain complex for have the same properties as the ones 
of the twisted chain complex associated to a A-regular SL2 (C)-representation (see [Yam07, 
Section 4] more details in the case of knot exteriors). 

6. A^f'^'^^P IS A POLYNOMIAL 

The torsion /\v^^^'^°p jg element in the fraction field C(ii, . . . .f„) by definition of 
the Reidemeister torsion. But actually, under a technical condition on the represen- 
tations p: 7ri(M) SL2(C) and (p: 7ri(M) — > Z", this torsion is in fact contained in 
C[ti, . . . ,tn], up to a factor f"^ ■ ■ ■ t™" for some integers mi, . . . , m„. This result is ob- 
tained by a cut and paste argument by using the Multiplicativity Lemma for torsions. 
This divisibility problem for link exteriors in S'^ has been also investigated by Kitano 
and Morifuji [KM05] and Wada [Wad94]. Their discussions are more algebraic, based on 
Wirtingcr presentations of link groups. 

6.1. Dual surfaces of (p with rank one. Using the universal cocfhcicnt theorem, a 
homomorphism (p: 7Ti{M) — > Z can be regarded as a coliomology class in H^{M,Z), 
and its Poincare dual PD{(p) lies in H2{M;Z). Each representative of PD{(p) consists 
of proper embedded surfaces, i.e., embedded surfaces whose boundary is contained in 
dM. By Turaev [Tur], we can choose proper embedded surfaces satisfying that the 
complement M \ 5 of 5 in M is connected as a representative of PD{(p). We let 
denote such representative surfaces. 

In the case of the Reidemeister torsion with multivariable (ti, . . . , if we substitute 
tg = for all £, then we have the homomorphism <^(ai,...,a„) ■ T^iiM) — > Z. Moreover 
if (ai, . . . , a„) are relatively prime positive integers then the composition ip(^ai a„) sat- 
isfies assumption {A^p). When we regard (p(^ai a„) as an element in iJ^(M;Z), we let 
S(ai a„) denote a representative of PD{p(^ai,...,a„)) such that M\S(ai,...,a„) is connected. 

6.2. A sufficient condition to be a polynomial. Under some additional assumptions 
for the SL2(C)-representation p and dual surfaces determined by tp, we prove that the 
Reidemeister torsion ^'p^^'^°p ^ polynomial. 

Theorem 12. Let M be a hyperbolic three-manifold without boundary or with tori bound- 
ary which satisfy {Am). Let (p be a surjective homomorphism tti(A'I) Z" which satisfies 
[A^p) and p be an SIj2(C) -representation of tti{M) satisfying (Ap). Let S^p = UiSg be a 
dual surfaces corresponding to ip. 

(1) Suppose that n = I. If the restriction pl-j^^^Se) '^f P non-abelian for all £, then 
/\^^^^'^°P ig d polynomial in t, up to a factor t™, m G Z. 

(2) Suppose that n ^ 2. If for any natural number N there exists relatively prime 
integers (ai, . . . , a„) such that \ai — aj\ > N for all distinct i,j and the restriction 
pUi(S) on every component S of the dual surfaces <5'(ai,...,o„) corresponding to 
V'(ai....,a„) is non-abelian, then /\^^'^^'^°p ig q polynomial in ti,...,tn, up to a 
factor i™^ • • • i™" for mi , . . . , TOk G Z. 

Before proving this theorem, we give some explanations, examples and counterexam- 
ples. 
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Remark 9. Let K he a. hyperbolic knot in S^. Consider po : 7ri(i?/<-) SL2(C) (a lift of) 
the holonomy representation and ip: tti{Ek) —>■ ^ the abelianization. The dual surface 
Sip corresponding to is a Seifert surface of K. One can observe that the longitude lies 
in the second commutator subgroup of Tri{EK)- Thus, the restriction poldEn sends the 
longitude to a parabolic element which is not ±1. This means that the restriction of po 
on ni{Sip) is non-abelian. 

Remark 10. Let K he a, fibered knot in 5*^. Consider an irreducible, non-metabelian 
representation p: 7ri(£^if) SL2(C) and the homomorphism ip: tti^Ek) 7ri(5'^) = Z 
induced by the fibration Ek . The dual surface corresponding to ip is the 

fiber of K. One can easily observe that p\-K^{Sip) is non-abelian, because the commutator 
subgroup [TTi{EK)-,Tri{EK)] of tti{Ek) is 7ri(S'^). 

Remark 11. We have seen that A^®^'^°^ can be defined for an abelian representation p 
in Proposition 9. However an abelian representation p do not satisfy the condition of 
Theorem 12 and A^f^'^°''{t) is not a polynomial in many abelian cases. 

6.3. Proof of Theorem 12. The proof is divided into two main steps: we first consider 
the case of a single variable t and next use the naturality property of /\^'^^'^°p (gge 
Section 4) to deduce by an algebraic argument the multivariable case form the one 
variable case. 

Remark 12. In what follows the sign in the Reidemeister torsion will be not relevant; so, 
we will work up to sign. We let Tor(VF, c^, 0) denote the (acyclic) Reidemeister torsion of 
the manifold W with coefficients in sl2{C{t)) and computed in the appropriate geometric 
basis cIy- 

6.3.1. Proof for one variable. We cut the manifold AI along S = S^p and obtain the 
following splitting: M ^ N U {S x I), where / = [0, 1] is the closed unit interval. The 
boundaries of N and S x I are equal and consist in the disjoint union of two copies of 
S denoted = S x {0} and 5*+ = S x {1}. We apply the Multiphcativity Lemma 
to the Mayer- Vietoris sequence associated to this splitting to compute the Reidemeister 
torsion of M. Our assumptions on p: tti{M) — > SL2(C) and (p: tti{M) Z" say that 
every restrictions of p to 7Ti{Se) are non-abelian, so we have: 

Lemma 13. The twisted homology groups of N and S x I are given by: 

H^S X /;s[2(C(t))p) = C{t) (E)c H,{S x /;s[2(C)p) ~ C{t) (g) iJ*(5;s[2(C)p), 

H4N;sl2{C{t))p) = C{t) ®c H4N;sl2{C)p). 
Moreover, Ho{S x I; sl2{C{t))p) = H2{S x /; sl2(C(t))p) = 0. 

Proof of Lemma 13. One has M = A^U(S'x /), where is a three-dimensional connected 
manifold whose boundary consists in U 5*+. One can observe that the actions of the 
restrictions (^|^j(jv) and (^i^^j^^) of the representation ip are trivial. So the first two 
equalities of the lemma hold. 

As p\t^^[Si) is non-abelian, then HqISi x I;sl2{C{t))p) = 0. In the case of a closed 
surface, last equality H2{Si x I;sl2{C{t))p) = follows from Poincarc duality. For 
(compact) surface with boundary, last equality H2{Si x /;sl2(C(t))p) = follows from 
the fact that Si x I has the same homotopy type as a one-dimensional complex. So that 
HoiS X /;5l2(C(t))p) = H2iS X /;s[2(C(t))p) = 0. □ 

As H^{M;5l2{C{t))p) = 0, see Proposition 3, the Mayer- Vietoris sequence with coef- 
ficients in sl2{C{t)), denoted V, reduces to a single isomorphism: 
(14) 

V:H,{S-;sl2{C{t))p)®Hi{S+;M'C{t))p)^Hi{N;sl2{C{t))p)®Hi{SxP,5l2{C{t))p) 
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where 7Ji(5±;s[2(C(i))p) ~ Hi{S;sl2iC{t))p) ~ Hi{S x I;sl2{C{t))p). The isomorphism 
in sequence (14) is represented by the foUowing matrix: 



1 tl 

here : S± — > iV is the inclusion and 1 is the identity matrix. The Multiphcativ- 
ity Lemma for Reidemeister torsion gives us the identity below, because the common 
boundary of N and S* x / is the disjoint union of two copies of S: 

±A^,(t) • Tor(5, c*s,h*sf ■ Tor(V, {h^, h^}, 0) - Tor(iV, c^, h^,) • Tor(5 x /, c^, h^). 

Thus, since the torsions of S and S x I are the same, 

±A^,(t)=Tor(V,{h*,h^},0)-^:i§^.det^ ^ Tor(A., c^, h^) 



My^'-^-y^^X-s.^^Nf,^J Tor(^,e*,h*) ^ ^ { -1 tl J Tor(5,c*,h*) ' 

The fraction of torsions Tor(Af, c^, h^)/Tor(S', Cg, hj) is independent of t (because as 
we have already observed in the proof of Lemma 13, the actions of the restrictions ip\Tri{N) 
and ip\Trj^(s) are trivial). This proves that, up to sign. 



.^^ Tor(iV,c^,h^) 
.^V'.;--H"* - Tor(^,c^,h^) 



is a polynomial in t. The one variable case in Theorem 12 is proved. 

Remark 13. A result similar to Lemma 13 can be found in [KL99, Proposition 3.6]. 

6.3.2. Proof from one variable to two variables. Suppose that ip: 7ri(M) — > Z Z. A 
priori, up to multiplications by ^1^21 the torsion A'^f^'^°^{ti,t2) is a rational function 
P{ti,t2)/Q{ti,t2), where P{ti,t2) and Q{ti,t2) 7^ are coprimc in C[ti,i2]. We will 
prove in fact, reducing the situation to one variable, that the polynomial Q(ti,t2) is 
constant. 

To this end, suppose that Q{ti,t2) is a non-constant polynomial. Without loss of 
generality we assume that Q{ti, t2) is a non-constant in <2- Applying Euclidean algorithm 
to P{ti,t2) and Q(ti,<2) in C(ti)[t2], we obtain the following equality in the polynomial 
ring C(ti)[t2] over the rational function field C(ti): 

P{tl,t2)u{ti,t2) + Q{tl,t2)i{tl,t2) = 1. 

Here the coefficients of the polynomials in t2 u(ti, t2) and ^(ti, t2) are rational functions 
in C{ti). By taking product with some polynomial w{ti) G C[ii], the following equality 
holds in C[fi, ^2]: 

(15) P{ti,t2)u{tut2) + Q{ti,t2)v{ti,t2) = w{ti). 

To each pair of coprime integers (ai,a2), consider the homomorphism h^a^.a-^) : Z^ — !■ Z 
defined by /i(ai,a2) (*i) = and h(^aua2)ih) = and let ip(ai,a2) = ^^(01,02) ° V- Using 
Proposition 6 and by the first part of the proof (for one variable), we know that: 

Ar '"^'^■''"''W - A^r'^°''(t-,t-) = G C[t]. 

Thus there exists a polynomial R(t) € C[t] such that Pit"^ ,*"")= R{t)Q{t''^ , t"''). Hence 
by substituting t""^ and i"^ to ti and t2 respectively. Equation (15) turns into 

Q(t''i , t''^){R{t)u{t''^ + vit''' , )} = wif"'). 

From our assumption 02 can be chosen sufficiently large. Since we suppose that 
Q{ti,t2) is not constant in t2, by changing 02 into a sufficient large integer, we obtain an 
arbitrary large degree polynomial (5(i°\t°^). This contradicts the fact that the degree 
of Q{t°'^,t°'^) must be less or equal to that of 'w{t'^^). Therefore Q{ti,t2) is constant in 
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Similarly, we can also conclude that Q(ti, 12) is constant in ti. As a consequence, the 
polynomial Q{ti,t2) is constant which proves that A^^'^°''(ti, 12) is a polynomial in two 
variables. 

By an inductive argument (in descending order of a^), the general case works in the 
same way: 

l^v^Adop^^^^ . . . , t„) g C[ti, . . . , tn]. The multivariable case in Theorem 12 is 
also proved. 

Remark 14. The abelian representation p of Proposition 9 does not satisfy equality 
Hq{S X /;sl2(C(t))p) = H2{S X /; s[2(C(t))p) = in Lemma 13. In this case, the torsion 
/\^^^'^°Pi (f'j [g jjqI; polynomial in general. On the other hand, the representation -0^ 
is also not irreducible but Lemma 13 also holds for this representation since it is non- 
abelian. Therefore the torsion /^^^'^t^o'/'i j-^'j ^ polynomial. 

Remark 15. Actually, in the multivariable case of Theorem 12, it is sufficient to assume 
that there exists some positive integer A*"o such that for any N ^ Nq wc have a dual 
surfaces S'(ai,...,a„) satisfying that ja^ — aj\ > N for all distinct i,j. 



7. Reciprocality of the polynomial torsion (with sign) 

7.1. Reciprocality properties. The Alexander polynomial Axit) of a knot K C 
is known to be reciprocal in the sense that AK{t~^) = ±i^A/f(t) from a long time. 
This property was first observed by Seifert [Sei34], and is a consequence of Poincare 
duality of knot exterior. Milnor [Mil62] proved it again using the interpretation of the 
Alexander polynomial as an abelian Reidemeister torsion. Kitano [Kit96], Kirk and 
Livingston [KL99] observe that Milnor's argument work fine in the context of twisted 
Alexander polynomial. Hillman, Silver and Williams [HSW] give a more general dis- 
cussion on reciprocality of twisted Alexander invariants for representations into SL„(C). 
All the known reciprocality formulas are sign-less. In our situation Milnor's argument 
also work, and using the fact that the torsion of dM = IJ^i is trivial, we have the 
following result, in which the sign is analyzed in details (c/. [Mil62, Theorem 2] and 
[KL99, Theorem 5.1]). 

Theorem 14. Let ~: Z ^ Z 6e the involution defined by t — t~^. If we consider a 
homomorphism (p: 7ri(Af) Z and its composition (p with the involution ~, then the 
polynomial torsion satisfies the following identity up to a factor {k G Z); 

^vfAdop^^-i^ = Aff^^°''{t) = e(-l)^A;^f ^^""(i). 

Here e is the sign of the Reidemeister torsion of the long exact sequence in homology 
associated to the pair (Af, dM) with the basis given by the bases of H^(dM; M), H^{M ; M) 
and the Poincare dual bases of H^{M;M.) in H^(M, dAI]R) as in Equation (56). 

Remark 16 (A duality property for link exteriors). As a special case, if M is a link 
exterior El = \ N{L), then we can explicitly compute the sign-term in Theorem 14. 
Proposition 37 in Appendix gives us the sign e = (_i)''(''-i)/2^ where b is the number of 
boundary components of AI. Using naturality of the polynomial torsion (see Section 4) 
then the following duality for the polynomial torsion ^'^A'^°p holds: 

(16) A|^^''°''(t-i) = (^^i)b(b+i)/2 . A|^^''°''(f). 

In particular, if L is a knot K in 5*"^, then the following duality holds: 

(17) Ag®^'^°''(t-i) = ~A|®'^''°''(i). 

Equation (17), and more generally Equation (16), can be considered as a sign-refined 
version of Milnor's duality Theorem [Mil62] for Reidemeister torsion. 
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Our attention is restricted to the composition of an SL2(C)-rerpesentation and the 
adjoint action. We refer to [FK06, FV, HSW] on the reciprocahty for other types of 
representations . 

7.2. Proof of Theorem 14. The proof is essentiahy based on the Multiphcativity 
Lemma for torsions (with sign). Applying [Tur86, Theorem 3.4.1], the sign-refined tor- 
sion for the pair (M, dM) is given by the foUowing equation: 

(18) Atr^'^^it) ^ e{^ir ■ A^oT^'it) ■ ^lZfM'')it)- 
Here v G 'L/i'L is the sign given by the sum 

3 

y = Y.^P^ + + Pi) + e Z/2Z 

i=0 

where 

i i i 

A = HriM; R), f3-=Yl ^"^^K Hr{dM; R) and f3'l = ^ dimR Hr{M, dM; M). 

r=0 r=0 r=0 

We compute each terms appearing in Equation (18). 

7.2.1. Computation of the sign v. By our assumption about AI and dM , we observe that 
= 1 in Z/2Z. 

7.2.2. Computation of Al®^'^°''{t). Observe that 

b 

By a direct computation we have 

Lemma 15. The torsion A^,f''^'^°''(t) of the £-th component of dM with the homology 
orientation given by the ordered basis {{TlJ, |Af], is equal to +1. 

7.2.3. Computation of A^'^^Q^f^{t). Here we use the duahty properties of torsion proved 

by M. Farber and V. Turaev in [FTOO]. We write the torsion A^^ g'J°^(i) in the right hand 
side of Equation (18) as the torsion in the left hand side with a sign term. Let (M', dM') 
denotes the dual cell decomposition of {M,dM). Using the invariance of torsion under 
subdivisions of CW~pairs we obtain : 

Let ^p""^ : 7ri(A/) SL2(C) be the following representation 

y'-{M)p{M)'"- 

Using the invariance of torsion under conjugation of representations we thus have 

^{M,dM)\'') ~ ^(M- MM')y''' ~ '-^{M',dM') 

Observe that the pair {M',dM') and the representation (g) Ado give the dual 
chain complex of M twisted by the representation ^(gj^dop, i.e., the s(2(C(t))tp-i-twisted 
chain complex C*{M' , dM' ; s[2{'C{t))tp-i) can be identified with the dual chain complex 
of C*(M;s[2(i)p). By using this identification and the duality of torsion in [FTOO], the 
torsion A^^^ g'J'^^(i) is expressed as 

Aip^Adop/.^ _ xfl^Ado^p^^ j,\ 
^{M,dM)y'-) — ^{M',dM') y'^) 

(19) ^ i^_^y{H,{M-M}) + s{C,{M;R)) . (•_i)s(C.(M;s[2(C(t))p)) . Aff ^''"''(i). 
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Here s(C*) = X^^i Oiq-i{C^)aq{C^) for a chain complex C* = Cm © • ■ • © Co, with 
Q!q(C*) = X]|=o'^™'<J- Further observe the sign term difference between Farber- 
Turaev's formula and Equation (19): here the sign term X)g=o'^''^^ Q!2q(C'*) used in [FTOO] 
is omitted from s(C*) because we use the complex C*(Af', dM' -,512 {C{t))p) instead of the 
dual complex of C^M; s[2(C(t))p). 

The first sign (_i)''(^^.(M;R))+s(c.(M;K)) Equation (19) comes from the duality of 
the sign terms tq in A^®g'^°^(t) and the second one (_i)s(c.(M;.i2(C(t))p)) in Equa- 
tion (19) comes from the duality of torsions for C* (M; s[2(C(t))p). Since s{C^{M;R)) 
and s(C*(M;s[2(C(t))p)) are equal in Z/2Z, it turns out that 

(20) ^'iAiitnit) = (-l)^(^*(^^«)A^f^''°''(i). 

7.2.4. Conclusion. Substituting v = \, s{H^{M;R)) = 6+1 and Equation (20) into 
Equation (18) we obtain that 

(21) A^®^''°''(t) = e{-lfA'^f/''°P{t)Alf^''°'\t). 
Therefore, using Lemma 15, Equation (21) turns into 

^v^Adop^^^ = e(-l)^A^®^''°''(t) 
which achieves the proof of Theorem 14. □ 

8. Examples of computations 

8.1. Manifolds fibered over the circle. Recall that a three-dimensional manifold M 
is fibered over the circle if it has the structure of a surface bundle over the circle, i.e. if 
there exists a surface S, called the fiber, and a map 0: S S, called the monodromy, 
such that M is homeomorphic to {S x [0,1])/ ((a;,0) ^ (0(x),l)). The monodromy in- 
duces an endomorphimsm of H^,(S). The so-called twisted monodromy is the induced 
homomorphism on Hi{S;5l2{C{t))p). 

8.1.1. Ceneral formula. For a fibered three-dimensional manifold over the circle, it is 
well-known that the Alexander polynomial is the characteristic polynomial of the (usual) 
monodromy (see for example [BZ03]). Similarly, the polynomial torsion is the character- 
istic polynomial of the twisted monodromy. 

Theorem 16. Let M be a fibered three-manifold over and let S denote its fiber. We 
let ip: Tri{M) Tri{S^) = Z 6e the homomorphism induced by the projection M — > 
and assume that the restriction p\-ni(s) non-abelian and H^{M;5l2{C{t))p) ~ 0. Then 
A'^f'^'^°^{t) is the characteristic polynomial of the twisted monodromy with the sign tq. 

Proof. We use again a cut and paste argument: cut M along its fiber S, so that AI = 
N U {S X I), where TV is a three-dimensional manifold homeomorphic to 5 x /. From 
the assumption that p|7ri(s) is non-abefian. Lemma 13 says that Ho{S;sl2{C{t))p) = 
and H2{S;5l2{C{t))p) = 0. We also suppose that i/*(M; s[2(C(t))p) = 0. So that the 
Mayer- Vietoris sequence A4p reduces to the following isomorphism: 

Hi{S;5l2{C{t))p) ® Hi{S;5l2{C{t))p) H,{S;sl2{C{t))p) ® H,{S;sl2{C{t))p) 

where 




Here </>£: Hi{S;sl2{C)p) Hi{S;sl2{C)p) denotes the map induced by the monodromy. 
We conclude in the same way as in the proof of Theorem 12 by applying the Multi- 
plicativity Lemma. Moreover the sign term in Multiplicativity Lemma is 1 since the 
dimension of twisted chain modules and homology groups for S x {0} U 5 x {1} and 
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NU S X I are always even and C* (Af; s[2(C(t))p) is acyclic. Therefore the polynomial 



torsion A'^f^'^°''{t) is exactly tq ■ det(tl — (/)£). □ 



Remark 17. Observe that, as for the usual Alexander polynomial, the torsion polynomial 
of a fibered manifold is nionic. For representations onto finite groups, S. Friedl and S. 
Vidussi proved [FV08] that twisted Alexander polynomials decide fiberness for knots of 
genus one. 

8.1.2. The problem of the sign for fibered knots. In the case where M is the exterior Ek 
of a fibered knot K , then we can compute the sign tq as follows. 

Observe first that in the case of a fibered knot, the homomorphism ip: tti{Ek) -~^ Z 
induced by the canonical inclusion —^ Ek is the usual abelianization 

a:Tii{EK)^ H^{Ek;'L)c^-L, M^t. 

We equip the knot exterior Ek with its usual homology orientation (see Appen- 
dix A.l): H^{Ek',^) is based, by using the meridian /i of the knot and a point pt, 
as Hi{Ek]^) = Mf4 and Ha{EK;M.) = Rlptj. As in the proof of Theorem 16, the knot 
exterior Ek can be split along the fiber F. We continue to denote ip: tti{Ek) Z the 
homomorphism induced by the fibration. The boundary of x / is the disjoint union of 
two copies of F denoted F x {0} ~ F and F x {1} ~ F. 

Theorem 16 gives us the following expression for the polynomial torsion of Ek 

/^f^f'^'it) = To ■ det(tl - r.) 

where (p^: Hi{F;sl2{€.)p) Hi{F;sl2{C)p) is induced by the monodromy (f>. Moreover 
the sign tq is expressed using the isomorphism 0i : Hi{F;M.) Hi{F;M.) induced by 
(f>: F F. 

Proposition 17. We let denote the basis of H^{Ek;^) given by the homology ori- 
entation as above and let h^* be any basis of H.^,{F]M.). The sign tq is given by 

To - -sgn(Tor(>[R,{H,h5j*},0)) = sgn(dct(l - (bi)) 

where the isomorphism (pi : Hi{F]W) — *■ Hi{F;R) is induced by the monodromy (j): F ^ 
F. 

The polynomial torsion of Ek is the product: 

Af'/^'^'it) = sgn(det(l - 01)) . dct(tl - 00 

The Mayer- Vietoris sequence Mm splits into the following two short exact sequences 
with real coefficients. 

(22) ^ Hi (i^; M) © Hi {F; R) Hi {F;M.) ® Hi {F; R) ^ 

and 

(23) ^Hi{Ek;M.)^^Ho{F;R)®Ho{F;R) 

Ho (F; M) e Ho (F; R) Ho{Ek; R) ^ 0. 

Here = ^ J*"^ ^, where 4^: Hi{F;R) Hi{F;R) is induced by the mon- 

odromy, for i = 0, 1 and is the sum of two homomorphisms induced by the copy of 
inclusion F x I Ek- 

As in [Dub06], the sign tq of the polynomial torsion is entirely given by the sign of 
Sequence (22), that is to say. Proposition 17 follows from the following: 

Lemma 18. tq = -sgn(Tor(7WR, {h^, hj^*}, 0)) = sgn(det(l - 0i)) 
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Proof of the Lemma. The Rcidemeister torsion with real coefBcients is given by: 

Tor(a(i?K;M),<,H) = -Tor(.M«, {h^, K*}, 0)'^ ^ ^J^'.^y*^*^ 

Tor(a(F;M),c'K,h;j ) 

(24) =-Tor(AlK,{h^,hJj*},0)-i. 

The sign in the right hand side of Equation (24) is computed using the fact that 
a{Cl,C'J) = mod 2 and e(C^,C*,C") = 1 mod 2 in Multiphcativity Lemma since 
the chain complexes corresponding to and C" are the sum of two same chain com- 
plexes and hXek; K) = ® We wiU prove that 

Tor(XK, {H, h;*}, 0)-i - - det(l - <t>i) 

by proving that the torsion of Sequence (23) is —1. By a diagram chasing, we have 
5{u) = (it, u) for u G M. ~ Hi{Ek]'^) and by construction, <i>(o)(a, 6) = (a — 5, — a + 6) 
and i*(c,d) = c + d for vectors (a, 6), {c,d) in ^ ffo(F;R) © Ho{F;M.). When we 
choose new bases of vector spaces in Sequence (23) as 



Hi{F-R) ® Hi{F; 
Hi{F;R) (S Hi{F; 

we obtain that the torsion of Sequence (23) is —1 by a direct computation. □ 



= (M), 

= (^(M) = M®M,M©o), 

= {^io)iM © 0) = iptj ® -ipti iptj ® 0), 



8.2. Explicit examples. Reidemeister torsion is invariant under conjugation of rep- 
resentations. So that Reidemeister torsion can be considered as a functional on the 
character variety of the fundamental group of M . We give here two explicit examples. 

8.2.1. The figure eight knot. We let K denote the figure eight knot. It is well-known 
that X is a fibered knot, so we let F denote its fiber. As a fibered knot, the group Gk 
of the figure eight knot K admits the following presentation: 

Gk = (a,b,s \ s^^as = ab,s^^bs = bab). 



that the matrix of 01 in the basis {a^,, 5*} is ( j ^ ) . As a consequence, det(l — (f)i 



The monodromy 4> : F ^ F induces an endomorphism : Hi{F; Z) Hi{F; Z) such 

1 1 

-1. 

Set xi = la, X2 = h and 2:3 = lat, where : X{Ek) C is given by I^{x) = x(7)- 
We know that the character variety X{F) is parametrized by xi,X2,X3 (see [Por97, 
§ 4.5]). The action of the monodromy is given by 

P = {X3,X2X3 - Xi,X2xl - X1X3 ~ X2) e Z[xi,X2,X3]^. 

Further notice that for an irreducible representation p: Gk ^ SL2(C) we have 
(25) Xi = X3 and xi + X2 ~ x\X2. 

Irreducible representations p: Gk SL2(C) are A-regular except two, up to conjuga- 
tion. From now on p is supposed to be A-regular. 

Using Theorem 16, the polynomial torsion j\'^^'^°p jg the characteristic polynomial 
of the twisted monodromy (pi: Hi{F;5l2{C)p) Hi{F;$l2{C)p). Observe that 1 is a 
simple eigenvalue of because the boundary of the fiber is invariant by the monodromy 
and p is supposed to be A-regular. The two others are inverse of each other. Let 
be the eigenvalues of 0f different of 1 . It is easy to see that 



£ + r^ = tr (j}P-l = 2{xi + X2) - 1. 
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Moreover l"^ ~ 1 + xi + X2, thus 

e + £-^ ^ 2/2 - 3. 

As a result the polynomial torsion is: 

Air'""!*) = -it 1) {2ll{p) 3)t + 1) . 

8.2.2. The Whitehead link. The Whitehead hnk is a fibered hnk. However we compute 
the Reidemeister torsion by using Fox differential calculus as shown in [Mil68, Kit96, 
KL99]. We let L denote the Whitehead link and choose a Wirtinger presentation of its 
group as follows: 

tti{El) = {a,b \ awa^^w^^) where w = bab^^a^^b^^ab. 




*■ a 

Figure 2. The Whitehead link with meridians 

Hilden, Lozano and Montcsionos has shown an explicit description of the character 
variety of the Whitehead link group in [HLMA92] . Trace functions play the role of local 
coordinates in this description. We set x, y and v as x = la, y = h and v = lab, where 

: X{El) — > C is again given by I-y{x) = xil)- Then the character variety of X{El) is 
expressed as 

X{El) = {(x, y, i;) e I y, v)q{x, y, v) = 0}, 

where 

p{x, y, v) ^ xy — [x'^ + y^ — 2)v + xyv^ — , 

q{x, y, v) — x'^ + y'^ + v'^ ~ xyv ~ 4. 

The component of irreducible characters is given by 

X'^'IEl) = {{x, y, v)eC'\ p{x, y,z) = 0}\R 

where i? = {x = ±2, v = ±y}U{y = ±2, v = ztx}. We consider an SL2(C)-representation 
p of 7ri(i?L) whose character is contained in X"'^{El). 

Let p: tti(El) —^ SL2(C) be an irreducible representation and consider the abelian- 
ization ip of tti{El): ip: tti{El) 1? ~ (^1,^2 ^1^2 = ^2^1) defined by <p{a) = t\ and 

Using irreducibility of p, we can suppose that the pair of p{a) and are expressed 
as (after taking conjugation with eigenvectors of p{a) and if necessary): 



l/a J ^ \ J 1/(3 

Note that we have set the local coordinates (x, y,v) as x = a + a^^, y = (3 + (3^^ and 
v = -f + af3 + 

By using formula in [Mil68, Kit96, KL99], the polynomial torsion is expressed as 



det$ ( 



db 



awa w 



dct$(a-l) 

where $ is the linear extension of (p(E) Ad o p^^ on Z[7ri (El)]. The Fox differential turns 
into 

^ {awa-^w-^) = {a- 1)(1 - bab-^ - bab'^a-^b"^ + bab'^a-^b-^a). 



Therefore the polynomial torsion A^^"^'^°''(ii, turns out 

^v»Adop^^^^^^^ = TO • det $(1 - bab-^ - bab-^Q-^b-^ + bab-^a-^b-^a). 
So that, with det Adp(^a)-^ = det Adpf^j-i = 1 in mind, 



A^®'^'^°''(ti, ta) = To • dot $(1 - bab-^ - bab'^a'^b'^ + bab-^a-^b'^ 



a 



= TO • det $ {{bab-^a-^){aba-^b-'^ - a - b-'^ + fe-^a)) 
= To • det ^{aba^^b^^ - a - + b^^a). 

When we choose the basis {E,H,F} in 512(C), the adjoint actions Adp(^a)-^ and 
A(ip(b)-i are represented by the following upper and lower triangular matrices 





Adp(^a)-^ = 1 —a and Adp(^i,y 

Calculating the determinant and reducing the degree of 7 by using the following iden- 
tity p{a + , (3 + + aP + a-^ p-^) = 0, we can see that the polynomial torsion 
is expressed as 

(26) 



To 



{~2xyvt,t^ + xH,{t^ + If + y\t, + ifh (h + l)'(i2 + 1)') 
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9. A DERIVATIVE FORMULA 

We prove a relation between the polynomial torsion and the non-abelian Reidemeis- 
ter torsion. More precisely, we prove that the non-abelian Reidemeister is a sort of 
"differential coefficient" associated to the polynomial torsion. 

We review the definition of the non-abelian Reidemeister torsion (for more details, we 
refer to [Por97, Chap. 3]). 

Definition 3. Let Af be a compact hyperbolic three-dimensional manifold whose bound- 
ary are tori U^^^T^^ and an SL2(C)-representation p: tti{M) — > SL2(C) be A-regular for 
a set of closed loops A = {A^ C Tg \1 ^ £ ^ b}. The non-abelian Reidemeister torsion 
Tj^(p) is defined to be the sign-refined Reidemeister torsion for C*(M;s[2(C)p) and the 
basis ^ {IP/ ® r2], . . . , |P/ ® t2], |P/ ® All, ... , iPi ® A,]} as 

Tri'(p) = To •Tor(a(Af;s[2(C)p),c*,h3^). 

9.1. Bridge from the polynomial torsion to the non-abelian Reidemeister tor- 
sion. The following theorem proves that the non-abelian Reidemeister torsion can be 
deduced from the polynomial torsion A'^f^'^°'^{t) (see [Yam08] for the case of knots). 

In this section, we suppose that M is a compact hyperbolic three-dimensional manifold 
satisfying assumption (Am), f- 7ri(M) —^Z={t)isa surjective homomorphism which 
satisfies assumption {A^p) and that p satisfies assumption (Ap). We equip the three- 
manifold M with a distinguished homology orientation. 



Theorem 19. The following equality holds: 

Lp^Adop j, \ 



\u>®Adopf,\ 

(27) limT^F^^^- 4--(-l)''-n^(p) (A = (Ai,...,A,)), 



where ip{TTi(T^)) = (t"''), ag G Z>o, and b is the number of components of dM. 



Before proving this result, we give a couple of remarks. 
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Remark 18. From Theorem 12 & 19 one can observe that if ip: tti{M) Z = {t) 
satisfying assumption (A^), then {t — 1)^ divides A|^^"^''°''(i). 

Remark 19 (The multivariable case). Here we suppose that ip: tti{M) Z" where 

z" = {ti,...,tn\ titj = tjti, 

Corollary 20. We have the following identity: 

(28) , Km . J'-;r^ ^{-lf-Tf{pl 



where if{Tii{Tf)) = (t^^ • • • ), aj'^^ . . . , al^^ G Z 



9.2. Proof of Theorem 19. We begin by introducing the complexes needed in the 
proof and some notation. 

Let a = C*(M;s[2(C)p) and C^{t) = C^{M;sl2{C{t))p). We define a pah of com- 
plexes (C^jC^t)) as follows. The complex is defined as a subchain complex of C, 
which is a lift of the homology group H^{M) = (M; s[2(C)p). This is a "degener- 
ated complex" in the sense that the boundary operators are all zero. More precisely, 
Cg = Cg = for conventions, C'2 is spanned (over C) by {P/ (»T^\1 ^ £ ^ b}, and 
C[ is spanned (over C) by {P/ (8) 1 1 ^ £ ^ 6}. Similarly as C*(t), we define C^(t) to 
be C{t) (g)c Ci, in particular C[{t) is spanned by {1 (X" P/ (X" 1 1 < ^ ^ &} and C'2{t) is 
spanned by {1(g) P/®T^^ 1 1 < £ ^ 6}. Observe that C^(i) is a subchain complex of C^{t). 
More precisely, one has: 

(29) C'iit) = ^C'.it) ^cm^Ciit) ^C^it) -0 

where the boundary operator d' works as follows: 

d':{l(g> P/) (g> Tl ^ {f^ - 1) • (1 ® P/) (g) Xi. 

Finally, we define C'J as the quotient complex C^,/Cl and C'J{t) = C^,{t)/Cl{t). Hence 
we have the two following exact sequence of complexes: 

(30) — ^c: — — ^c: ^0. 

(31) — ^c:{t) — -a(i) — ^c':{t) — -o. 

As we already observe, the complexes , are not acyclic and we completely know 
their homology groups. The homology of C" is given in the following claim. 

Lemma 21. The complex C" is acyclic. 

Proof of the claim. Write down the long exact sequence in homology associated to the 
short exact sequence (30) : 

^H,{c:) — ^H,{c,) — ^H,{c':) — -if,_i(c:) — -i/,-i(a) — - • • • . 

Observe that H,{Cl) cn H,{C^) by definition of Thus H,{C'l) = 0. □ 

Remark 20. We think of C" as the original complex C* in which we have "killed" the 
homology. 

The homology groups of the complexes C'^ (t) , C* (t) and C'J {t) are given in the follow- 
ing claim. 

Lemma 22. The complexes Cl{t), C^,{i) and C'J{t) are acyclic. 

Proof of the claim. According to Proposition 3, C*(t) = C* (Af ; sl2(C(i))p) is acyclic. 
One can observe that the map d' is invertible, thus C^(t) is acyclic. And finally C"(i) = 
C^,(t)/Cl{t) is also acyclic (as a quotient of two acyclic complexes). □ 
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We endow the complexes in Sequence (31) with compatible bases in order to compute 
the torsions. From the definition, is endowed with a distinguished basis c' given by 

{Pf ® Tf, . . . , pp ® T^,pP ® Ai, . . . , P," ® Ab} 

and we equip Cl(t) with the corresponding distinguished basis 1 ® c'* improperly de- 
noted again for simplicity c'*. Similarly, we endowed the quotient C" = C*/C^ with a 
distinguished basis c"*, and the same for C"{t). Using the exact sequence (31), we finally 
endowed C*(t) with the compatible basis c'* Uc"* obtained by lifting and concatenation 
(here again our notation is improper). Note that this last basis is different from the 
distinguished geometric basis c* of C*(t) = C*(M;sl2(C(t))p) described in Subsection 3. 

From now on, wc write Tor(C* (t), c*, 0) (resp. Tor(C:(i), c'*, 0), Tor(C:'(0> c"*, 0)) 
for the Reidemeister torsion of C*(i) (resp. Cl{t), C'J{t)) computed in the basis c'* U 
c"* (resp. c'*, c"*); whereas wc write Tor(C*(M;sl2(C(i))p), c*, 0) for the torsion of 
C*(i) = C*(M;s[2(C(t))p) but computed in the geometric basis c*. Using the basis 
change formula (see [Por97, Proposition 0.2]), we have: 

Tor(a (A/; 5l2{C{t))p), c* , 0) = Tor(a {t), c'* U c"* , 0) • Y[[c'/c" U c"'](-i)\ 

i 

Hence from the definition of the polynomial torsion, we have: 
A^®^'^°''(<) - TO •Tor(a(Af;s[2(C(t))p),c*,0) 

(32) = nicVc" U c"Y"''' • To ■ Tor(a(i),c'* U c"*,0) 

i 

where tq = sgn (Tor(C*(A/; R), c^, h^)), sec Section 3. 

Applying the Multiplicativity Lemma to the exact sequence in Equation (31) we get: 

(33) Tor(a(t),c'* Uc"*,0) = (-1)" • Tor(C:(t), c'*, 0) • Tor(C:'(t), c"*, 0) 
wherea = J2j 2. Wc first compute the sign in Equation (33): 
Lemma 23. The sign (—1)" in Equation (33) is given by a = b ■ dim C3 mod 2. 
Proof of Lemma 23. It is easy to sec from the definition that: 

dim [t) = dim C^{t) - dim (t) . 

Moreover, dimCQ(t) = = dmiC'^{t) and dimC((t) = dimC2(t) — 36, where b is the 
number of boundary components of M . Thus, reduced modulo 2, aj{C'^{t)) are all zero 
except ai{C'^{t)) = b mod 2. As a consequence, 

a^^a,_i(C:(0)a,(C:'(i)) 
3 

^ar{Ci{t))a,{C':{t)) 

= b ■ (dim Co + dimCi + dimC2) mod 2. 

Since the Euler characteristic of M is equal to zero, we have that a = b ■ dim C3 mod 2. 

□ 

Next wc compute the torsion of C^(t) (with respect to the basis c'^). 
Lemma 24. We have: 

b 

(34) Tor(C:(i),c'*,0) = nr'-l)- 
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Proof of Lemma 24- It is easy to observe that (see Complex (29)): 



(35) 



Tor(C:(i),c'*,0) = dot 9' = ]J(t'^^ - 1). 

£=1 

If we substitute Equation (34) into Equation (33), we obtain: 

„Tor(a(0,c'*Uc"* 



□ 



Tor(C:'(i),c"*,0) = (-l)' 



Now we consider the hmit of Equation (35) as t goes to 1 and prove the foUowing 
lemma which gives a relation between the torsion of C"(t) and the non-abelian torsion 
of M in the adjoint representation. 

Lemma 25. Let 6o = tq ■ Ylic'/c'' U c"Y~^^'^' • We have 



i>0 



(36) 



limTor(C:'(t),c"*,0) = (-1)''+" • <5o • TF(p) 



Proof of Lemma 25. We begin the proof by some considerations on the complexes C'J(t) 
and C\{t) and their respective "limits" C" and C* when t goes to 1. 

Return to the definition of the complex C'J{t) = Ci,{t)/Cl{t). If t goes to 1, then the 
acyclic complex [t) changes into the "degenerated" complex C'^ in the sense that the 
map d' becomes the zero map. Hence C[ ~ Hi[C^) and — H2{C^). Like C'J{t), the 
complex C'J is acyclic (see Lemma 22); more precisely if t goes to 1, then we get in fact 
a complex related to the complex C, (M; s[2(C)p) but without homology, together with 
a distinguished basis different form the geometric one. Repeat again that the twisted 
homology groups H£{M) = ff»(M; 5[2(C)p) are endowed with the following distinguished 
bases (coming from the ones of , in fact it is not exactly a basis but a lift of the basis 
into C*): 

(1) iJf (M) is endowed with = c'^ = {|Pf (g) Ail, • ■ • J^'h" ® AJ}, 

(2) H^iM) is endowed with c'^ = {|Pf ® Tf], . . . , {pP ® T^]}. 

With obvious notation, choose a set of vectors b"*^^ in C'/^i such that d['^j^{h"^'^^) is 
a basis of = Md'/^, : q^i - Cf ). 

Observe that the set of vectors 1 (g) b"*^ in Cj'^]^(i) generates a subspace on which 
the boundary operator 9^+1 : Ci+i(t) Ci{t) is injective. 



With b""^ = c"'^ in mind, the torsion of C"(i) (with respect to the basis c"*) can be 



,"3 ; 



computed as follows: 

Tor(C:'(t),c"*,0) 



.b"*+')l. 



. b"Vc" 



1=0 
2 



n[c"uft+i(b^+i)bVc'^Uc"' 



1=0 



(-I)- 



Here b' denotes a lift of 1 b"* to C*(i). As a result, we can rewrite 



(37) 



Tor(C:'(t),c"*,0) 



c''a3(b3)bVc''uc" 

c''c)2(b2)b7c''uc"' • 9i(bi)/c"° 



We want now to relate Equation (37) to an expression closer to the torsion of the twisted 
complex C* (Af ; s[2(C)p). For this we permute the vectors of 92(b^) and 9i(b-'^) with the 
ones of c'^ and c'^ in one of the determinants in Equation (37). Each set of c'^ and c'^ 



consists of b vectors and it is easy to observe that <93(b'^) consists of diniC3(t)(= dimCs) 
vectors and 92(b^) consists of rkd2 = dimCi(t) — 6 — dim Co (t) (= dim Co + dimCi + b 
mod 2) vectors. Hence the sign arises from the permutation, whose exponent is given by 
&(dimCo + dimCi + b) + fedimCg. When we write e = (_i)''(dimCo+dimCi) ^^^^ 
for (— i)'>dimC3 g^g jj^ Lemma 23, thus we have: 



(38) 



Tor(C:'(i),c"*,0) = 



93(b3)c''bVc''uc"' 



a2(b2)c''bVc''uc"'l • [ai(bi)/c"° 



By making a change of basis in Equation (38), we obtain the foUowing expression: 

(-1)" " 



Tor(C:'(t),c"*,0) = (-1)''+" • ( J] [cVc'^Uc'" 



) 



(39) 



a2(b2)c'^bVcl . [5l(bl)/c"] 



i\ /„oi-i 



Moreover, using the definition of the bases c'^ and c'^, it is easy to observe that 
lime- Idsih'^y'h^/c'Y' ■ [a2(b2)c''bVci] • [di{h^)/c"y^ 

(40) =£• [a3(b3)h2b2/c2j"^ • [a2(b2)hlbVclj • [^i (b^ ) /c"] ^ ^ 

= Tor(C*,c*,h*). 
The last step in Equations (40) is due to the fact that 

Hence, combining Equations (39) and (40), we obtain 

lim Tor(C:'(t), c"*, 0) = (-!)''+"( J] [cVc'* U c''^-^^'^' ) • Tor(C, , c*, h*) 



i>0 



which is exactly the desired equality because T^{p) = tq ■ Tor(C* , c*, h*) 



□ 



We finish the proof by combining Equation (35) and (36) and using the definition of 
the polynomial torsion A'^f^'''°''(t) given in Equation (32). 

9.3. Example: the non-abelian Reidemeister torsion of the Whitehead link ex- 
terior. We apply Corollary 20 to the polynomial torsion A^'^"^'^°''(ti, i2) of the White- 
head link exterior E^. First we substitute t into both variables ti and ^2 in Equa- 
tion (26). The resulting homomorphism corresponds to the induced homomor- 
phism tti{El) 7ri(5^) by the fibcrcd structure of El. The dual surface is the fiber 
and is also a Seifcrt surface for L. Thus: 

Af^^''°^{t, t) = To- {-2xyve + xH{t + If + yh{t + 1)^ - (t + 1)^) . 

Multiplying {t — 1)^^ and taking the limit for t goes to 1, we obtain the non-abelian 
Reidemeister torsion: 



(41) 



Tf ^ (p.,y,.) = T-o • (4(^2 + y2) _ 16 _ 2xyv) 



Since a lift of the holonomy representation is irreducible and the traces of meridians are 
±2, Equation (41) is also valid at a; = ±2. Moreover the points (±2, ±2, 1 -I- yJ—1) and 
(±2, ±2,1 — \/—\) correspond to lifts of the holonomy representation and its complex 
conjugate. When we substitute (±2, ±2, 1 + \/— T) and (±2, ±2, 1 — ^/—\) into [x, y, v), 
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we have the foUowing values of the non~abehan Reidemeister torsion for the Whitehead 
hnk exterior and its holonomy representation po and the complex conjugate po 

{Tf (po), Tf (po)} = {to ■ 8(1 T V^)}- 



10. Torsion for finite sheeted abelian coverings 

10.1. Statement of the result. Let M be a finite sheeted abelian covering of M. We 
let p denote the covering map AI M. The associated deck transformation group is 
a finite abelian group G of order \G\. We endow the manifolds M and M with some 
arbitrary homology orientations. 

We have the following commutative diagram whose rows are exact sequences: 

(42) 1 TTi (Af ) TTi {M) — ^ G ^ 1 



Hi (il/; Z) ^ Hi{M; Z) G ^ 0. 

The second row says that the image of Hi{M ; Z) has maximal rank in Hi{M; Z). More- 
over one can see that the image of the restriction P*\^^(^qm^ '■ Tri{dM) 7ri(9M) of p^. 
has maximal rank. We let ip be the surjective homomorphism from tti(M) to Z" which 
satisfies assumption (A^) and ip be the pull-back by p*: 



7ri(Af)^-^7ri(A/) 




Z". 

The homomorphism ip factors through Hi{M;'Z). Since iJi(A/;Z)/Tors is mapped to a 
lattice in Hi{M] Z) by the homomorphism induced by p, the image of ^ is of maximal 
rank in Z". Furthermore since 7ri(9M) is mapped by the restriction oip also to a lattice 
in 7ri(9M), if we regard ^ as a surjective homomorphism from Tri{dM) to imif ~ Z", 
then (fi satisfies our condition (A^p) in Section 3.1. 

The Pontrjagin dual of G is the set of all representations ^: G — + C* from G to 
non-zero complex numbers. Let G denote this space. 

The aim of the following theorem is to give the polynomial torsion for abelian coverings 
via that of the base manifold. 

Theorem 26. With the above notation, we have: 
where e is a sign equal to to{M) ■ ro(^/)''^'. 

Remark 21. When the order \G\ is odd. the sign term e in Equation (43) is described by 
the homology orientations of M and M and by the torsion of the covering map p. We 
will discuss how to determine e in the subsequent section of the proof of Theorem 26. 

Remark 22 (Explanation of Formula (43) with variables). Suppose that 

Z" = (ii, . . . , i„ I titj = tjt^, V i,j) 

and 

kerTT = (si, . . . , s„ I SiSj = sjs^, V i,j). 
The inclusion i: kcrir Z" can be represented by a matrix ('3.ij)]^<j j<„ whose entries 
are integers and such that det(a.ij) = \G\, i{sj) ~ i"^"" • • -tn"'' ■ 
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Using naturality of the torsion (see Section 4 and especially Proposition 6), For- 
mula (43) can be written concretely as follows: 

In the special case where n — 1, G = Ijml and M is the m-fold cyclic covering 
Mm. of Af, then we have that ^(t) = g^^'^^/^/"'. Hence we have the following covering 
formula for the polynomial torsion. 

Corollary 27. Suppose that (p{tti{M)) = (t) and (p{TTi{M„i)) = (s) C (t), where we put 
s = t™. We have 

m — l 

The torsion 

^9®Adop^^ra-^ in Corollary 27 can be regarded cLS kind of the total twisted 
Alexander polynomial introduced in [SW]. Hirasawa and Murasugi [HM07] worked on 
the total twisted Alexander polynomial for abelian representations as in Equations (12) 
& (13) and they observed the similar formula as in Corollary 27 in terms of the total 
Alexander polynomial and the Alexander polynomial of a knot in the cyclic branched 
coverings over S'^ . 

10.2. Proof of Theorem 26. We use the same notation as in Remark 22. 
First observe the following key facts: 

(1) the universal cover M of M is also the one of M, 

(2) the torsion l\'fi®^''-°P jg computed using the twisted complex 

Sl2(tl, . . . , t.a)p ®z[7ri(j\7)] C^{M; Z), 

(3) whereas the torsion /\^'^^'^°p jg computed using 

S[2(il, . . ■,tn)p <^Z[7n{M)] C^{M]Z), 

(4) finally there is a natural action of G on B[2{ti, ■ ■ ■ , tn)p ®z[7ri(A/)] C!^,{M; Z). This 

action is defined as follows: for x € s[2(<i, . . . ,t,n)p, c £ C^,{M;T) and g € G, 
choose 7 S 7ri(M) such that 7r(7) = g the action is given by: 

(44) 9*{x ®„,^M) c) = a;7"' ®^,(m) 7c. 

Remark 23. Since for any lift 7 of (7, 7 is not contained in p*(7ri(A/)), we can not reduce 
the right hand side in Equation (44). 

Lemma 28. The G-action in Equation (44) is independent of the choice of lifts of g. 
Proof. We take another lift 7' oi g E G and define as follows: 

9*' (x <».i(M) ^) = ^"^'"^ ®-i(M) 7'c. 

Observe that 7^^7' is contained inp*(7ri(A/)). Hence the action g^^*(gV {xiS)c)) turns 
into X lE) c from the following calculation: 

g-i * (g {x ®^^^j^j^c)) = g-^* {x-i'-^ ®ui(j\7) 7'c) 



a;(7 V) '«).,(An (7 '7')c 



This gives the equality g-k{x «'„j(a7) c) = g {x c). □ 

The proof of Theorem 26 is based on the following technical lemma. 
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Lemma 29. The map 

(45) $: sl2[t]p ®2[,^(M)] a{M;Z) ^ (s^Wp ®c C[G]) ®z[xi(A/)] C^M; Z) 
given by 

is an isomorphism of complexes of C[G]-modules. 

The action of G on (sbi^lp C[G]) (8)z[7ri(M)] C*(M;Z) is given by 

g ■ {x ® g' ® c) = X ® gg' ® c. 

Proof of Lemma 29. We first observe that <I> is a well-defined chain map of C-vector 
spaces since tti{M) is a normal subgroup of 7ri(Af). Let us check that $ is G-equivalent. 
Let X e s[2[i]p, c e C^{M; Z), g £ G and choose 7 e 7ri(Af) such that n{-f) — g, then we 
have the following G-equivalence: 

$(.g * (a; c)) = <^{xj-^ ®^^^^-j^ 7c) 

= (.T7^^ ® 1) ® 7c 
= (.T7^-^7 (X) g) (X) c 
= (a; (g) 5) ® c 
= g-<^{x ®^^^M) c). 

Since ^(a; (X^^(jv^) c) = a;(X^^(jv-^) 9c = nj(2^®,ri(M) 7je}"^), g Z and 7^ € 7ri(M), 
we must check the compatibility of with the tensor products in both chain complexes. 
The G-equivalence guarantees that <!> is well-defined as a chain map under the actions 
of TTi{M) and 7ri(M). For every g & G, let jg G tti{M) be a hft of g, i.e., n{jg) = g. 
Set 7 G 7ri(M) as 77(7) = g. This means that 7g"^7 G 7ri(M). Then the tensor product 
^®7ri(M) ^e}""^ turns into 

= .9*(a;7s®,,(M)7<rVr') 
= ff*(x7 ®^^(^-^) e}-i). 

The map $ sends x®^^f^j^-j^ 7^}"^ (-^^ On the other hand, these chains are 

also expressed as a;®^^^^:^^7e*~"^ = 5*(2^'T®7ri(Ai")'^j~^) (a;<8)l)(8)7e]~"^ = (a;7(g)g)(g)e*~^ 
By the G-cquivalence, wc can see that the map $ is well-defined. 

To prove that $ is an isomorphism we look at the geometric basis for the complexes 
and prove that $ maps geometric basis to geometric basis. Let {e*} . be the i-dimensional 

cells of M and choose {xi, X2, xa} a C-basis of the Lie algebra sl2(C). The corresponding 
«-dimensional cells of M are given by {gcj \1 ^ j ^ ni,g £ G}. We let {e* 1 1 < j ^ rii} 

denote the i-dimensional cells of the universal cover M . 

For every g G, let 7^ £ tti{M) be such that 77(7^) = g. With such notation, one can 
observe that 

(46) c* = Ui^o{xk ®^^^M) lg% I 1 ^ j s: n„ 1 ^ fc 3,.g e G} 

is a C[t]-basis for sbi^lp ^^[^^(m)] G*(M;Z). Since the action of every 7^ is invcrtiblc on 
s[2(C), the set 

(47) {g -k {xk ®,^(M) ^) = Xklg^ ®-.,(M) Ig^j 1 1 ^ J < 1 < fc < 3, 5 £ G} 
also gives another basis of each 5[2[*]p ®z[ki{m)] Gi{M;'Z). Observe that: 

$(5 * (xfc ?]■)) = (xk ®9)® i]-. 
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Further observe that {xk (?) ,g | 1 < fc ^ 3, .g e G} is a C[t]-basis for 5[2[i]p C[G], thus 
we deduce that 

(48) = iir^ixk ® 5) ® 1 1 J sS n„ l^k^3,geG} 

is a basis of (sl2[t]p(8)cC[G])(8)z[7ri(A^)]G*(M; Z), which achieve the proof of the lemma. □ 
Remark 24. In particular, Lemma 29 implies that the complex 

(sl2(t)p ®c C[G]) ®z[,,(M)] G*(M;Z) 

is acyclic. 

The basis in Equation (46) introduced in the proof of Lemma 29 is the geometric basis 
used to compute the polynomial torsion /\^^^'^°p^ One can observe that the transition 
matrix from the basis in Equation (46) to the basis in Equation (47) has determinant 1 
(action by Ado p^^ on 5l2(C)p). Thus, A^^'^''"'' can also be computed using the basis in 
Equation (47). Finally observe that $ maps the basis in Equation (47) to the geometric 
basis in Equation (48), thus 

^90Adop ^ ^^^^-^^ Tor((s[2(C(t))p ®c C[G]) ®z[,,(M)] a(M;Z),c*,0). 

Now, we want to compute the torsion of (s[2(C(t))p (^c C[G]) (8)z[ii-i(m)] C^{M;Z) 
in terms of polynomial torsions of M. To this end we use the decomposition along 
orthogonal idempotents of the group ring C[G], see [Ser78] for details. Associated to 
^ £ G, we define 

' ' sec 

The properties of are the following: 

fl^k, /e/e=o(if ^^O, E/? = i 

and 

5-/e = C(.9)/«, foraUgeG. 
We have the following C[G]-modules decomposition of the group ring as a direct sum 
according to its representations: 

(49) qG]=0C[/d. 

Here each factor is the 1-dimensional C- vector space which is isomorphic to the C[G]- 
module associated to ^: G C*. 

Following [Por04, Section 3], corresponding to the decomposition in Equation (49) we 
have a decomposition of complexes of C[G]-modules: 

(st2(C(<))p®cC[G])®z[xi(M)] a(M;Z) = ^{sl^{C{t))p ®cC[f^]) ®zimm)] C,{M;Z). 

The geometric basis in Equation (48) induces a basis compatible with the decomposition 
in Equation (49) by replacing {g | 5 € G} by {/j | ^ G G}. The change of basis cancels 
when we compute the torsion because Euler characteristic is zero, see [Por04, Lemma 
5.2]. And thus decomposition in Equation (49) implies that (in the natural geometric 
bases) : 

^$Mp ^ ^^^M) ■ Tor((s[2(C(t))p ®c C[G]) ®z[.,(a/)] ^(M; Z), c^, 0) 

(50) = ro(il/) • n Tor((s[2(C(t)), ®c C[/d) ®z[-.,iM)] G, (M; Z), c* , 0). 
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Each factor in the right hand side is related to the polynomial torsion of M and its 
relation is given by the following claim. 



Lemma 30. We have: 

^i^r^Adopy^i = MM) ■ Tor((s[2(C(t)), ®c C[f^]) ®zk(a/)] a(M;Z),c*,0). 

Proof of Lemma 30. One can observe that, as a Z[7ri(M)]-module, Bi2{t)p ®c ^[fs] is 
isomorphic to s[2(t)p simply by replacing the action ® Ado p by (8) Ado p) ^. This 
proves the equality of torsions. □ 

Proof of Theorem 26. Combining Equation (50) and Lemma 30, we obtain 
^9®Ad.p ^ ^^^^^^ To (M) • l[ a(^'J^^'^°'''®« 

which achieves the proof of Formula (43). □ 

10.3. The sign term in covering formula. When the order of the covering is odd, 
the sign term e in Equation (43) is the product of two sign-torsions Tq (M) and Tq (M) . 
Here, we discuss what this sign term depends on. Actually, this sign term is determined 
by the torsion of the covering map p and depends on the homology orientations of M 
and M we have chosen for the computation. 

The torsion of the covering map p is by definition given by the torsion of the pair 
formed by the mapping cylinder Mp of p and the covering M. Here the mapping cylinder 
of a continuous map p : M —* M is defined as 

Mp = ((M X [0, 1]) U M)/{{x, 1) ^ p{x)). 

Since the natural projection (M x [0, 1]) U M Mp is an embedding on M x and M, 
we regard M = M x and M as subspaces of Mp. 

Remark 25. Note that M is a retract of Mp, for example, a deformation retract is given 
by h : Mp M, h{x, t) = p{x) for x € M, t < 1, h{y) = y for y £ M. In particular, the 
homology groups H^, {Mp-, M.) can be identified with H^, {M; M) . This and the commutative 
diagram 

(51) 




show that the inclusion ij^j : M ^ Mp is a homotopy equivalence if and only if p is a 
homotopy equivalence. 

We have seen that the image of : ffi(A/;Z) Hi{M;Z) has maximal rank (see 
the commutative diagram (42) and the discussion below it). Thus the induced homo- 
morphism p^, : Hi{M ; R) Hi{M; R) is onto. Actually, since Euler characteristics of M 
and M are zero, the homomorphisms : Hi{M;'R) Hi{M;M.) induced by p are onto 
for all i. 

We can describe the difference between Hi{M; M) and Hi{M; M) by using the homology 
of the pair {Mp,M). 

Lemma 31. The long exact sequence for (Mp, M) is splitting into the following short 
exact sequence: 

(52) ^H,+iiMp,M;R) ^H^{M;m.) ^H,{Mp;M.) = H,{M;M.) ^0. 

for each i. 
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Proof. The homology long exact sequence for the pair {Mp, M) is given by 

>-H^+i{Mp, Ad; M) >-Hi{M; R)^-^H.i{Mp; M) ^ • • • 

and the homomorphism (ij^j)* induced by the usual inclusion is in fact onto. 

Since the map p and h induce a surjcction and an isomorphism between homology 
groups in the commutative diagram (51), the inclusion ij^y induces a surjective homo- 
morphism (ij^j)*. Hence the long exact sequence splits into the short exact sequences. □ 

From now on, we identify Hi{Mp; K) with Hi{M ; R) and endow Mp with the homology 
orientation of the one of M. 

We let hjj (resp. hjj) denote a basis of the homology group Hi{AI; M) (resp. Hi{M; M)) 
which is compatible with the given homology orientations. The short exact sequence (52) 
gives a basis hj{'^^ of i?i+i(Mp, M; M) which is compatible with hjj and hg. More 
precisely, if cr is a section of («j/)*, then the determinant of the transition matrix 
of hg*~''"'^o'(hJj) to hjj is 1. The set hjj* = Uijjohjj* gives a homology orientation of 
C* (Mp, M ; M) which is called the induced homology orientation from those of M and M . 

Applying Multiplicativity Lemma to the short exact sequence: 

(53) ^a(M;R) ^a(Mj,;R) ^C.{Mp,M;R) ^0, 

we have the following result. 

Lemma 32. Let h|j andii'^ respectively be basis of Hi{M;'R) and Hi{M;'M.). If h'^^^^ 
is the induced basis of Hi^i{Mp, M;M.) obtained from and hjj, then the torsion 
Tor(C* (il/p; R), cj, hg) is expressed as 

Tor(a(Mj,;M),4,H) 

^ (_l)o(M„M)+e(Af,,M) . Tor(a (M; R), c^, H) • Tov{a{MpJm,c'lK*) 
where a{Mp, M) ande{Mp,M) denote 

a(C, (M; M), (Mp, M; R)) and e{C^ (M; R), C, (Mp-, R), (Mp, M; R)) 
for the short exact sequence of complexes (53). 

Since M is a deformation retract of the mapping cylinder Mp, we can prove that the 
torsion Tor(C* [Mp] R), c^, h^) is equal to Tor(C* (Af ; R), c^, h^) up to a sign term. 

Lemma 33. The torsion of the mapping cylinder Mp is given by : 

(54) Tor(a(A/p; R), <, H) = (-1)«(*^-*^) • Tor(a(M; R), 4, hj^) 
where a(Mp, M) denotes aiC^ (M ; R), C* (Mp, M; R)). 

Proof. If we apply Multiplicativity Lemma to 

^a(M;R) ^a(Mp;R) ^a(Mp,M;R) ^0, 

then we obtain the following equality 

Tor(a(A/p;R),4,H) - (_i)"(A/.,A^)+e(M„M) . Tor(C. (M; R), c^, H) 

(55) •Tor(C,(Mp,M;R),4,h;j*) •Tor(H,{h*,h*,h;j*},0). 

Observe that iJi(Mp,M;R) = for all i (because Hi{Mp;M.) ~ iLj(AL;R)). Hence 
/3i(C4Mp,M;R)) = 0, for all i. This implies that e{Mp,M) = 0. Since iJ*(M;R) 
and i?*(Mp;R) are endowed with the same basis, the torsion Tor('W, {h^, hg, hjj*}, 0) 
turns equal to 1. It is known that Mp is obtained by some elementary expansions from 
M. Therefore the torsion of the pair (Mp, M) is also 1 (for more details, we refer the 
reader to [TurOl, Lemma 8.4]). Substituting these results into Equation (55), we have 
the Equation (54). □ 
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Lemmas 32 & 33 guarantee the equality between three torsions Tor(C*(A/; R), cj^, hg), 
Tor(C*(M;R),c^,h^) and Tor(C* (Mp, M; M), cj,, hjj*) up to a sign. Now, we describe 
the relation among these three torsions more precisely. 

Lemma 34. We have the following equality in Z/2Z.' 

a{Mp, M) EE a(Mp, M) mod 2. 

Proof. By the definition of the mapping cylinder A/p, the cells of Mp are {e}. {e x [0, 1]} 
and {e'}, where e runs over cells in M and e' runs over cells in AI . Thus, the dimension 
of Cfc(Afp;R) is given by 

dimKCfc(Mp;M) = dimg Cfc(Af; R) + dimR Cfe_i (Af; R) + dimR Cfc(M; R) 

= |G| dimK Ck{M- R) + \G\ dimg Cfe_i(A/;R) + dim^ Cfc(A/; R). 

Hence 

dima Cfe(A/p, M; R) = |G| dimR Cfe„i(Af ; R) + dima Cfe(A/; R) 

and 

dimKCfc(A/p,Af;R) = |G| dim^ Cfc(A/; R) + |G| dim^ (A/; R). 
We are now ready to compute a(A/p,Af) as follows: 
a{Mp,M) = a(G*(A/;R),a(Mp, M;R)) 

= (G* {M- R)) • a,;(G* {Mp, Af; R)) 

i 

= |G| • ^ |G| (a,_i(G,(Af;R))f +a,_i(G4A/;R)) • a,(G. (A/; R)). 

i 

Similarly we compute a(Mp, Af ): 

a{Mp,M) = |G| •^(a,_i(G*(A/;R)))Va.-i(G*(A//;R)) •a,(G,(Af;R)). 

Since |Gp = |G| mod 2, then a(A/p, Af) coincides with Q!(Afp, A/) mod 2. □ 

Lemmas 32, 33 and 34, give us the following proposition. 

Proposition 35. If the homology groups H^{M;R), i7*(A/;R) and i7*(A/p, Af ; R) are 
endowed with the same bases as in Lemma 32, then 

Tor(G, (A/; R), c^, = (-l)-'(^^-*'.Tor(G, (Af; R), 4, H)-Tor(G, (Afp, Af ; R), 4, h^*). 

Moreover, the sign difference between torsions for Af and Af is expressed as 

e ^ To{M) ■ To{M) 
= sgn(Tor(G, (Af ; R), 4, h^))/sgn(Tor(G, (Af ; R), c^, h^)) 
= (-ir^''-'^'^-sgn(Tor(p,H,h^)). 

Here Tor(p, h^, h^) = Tor(G* (Afp, Af ; R), c|^, hj^*), where h!^ is the basis of {Mp, Af ; R) 
induced by and h^. 

Remark 26. If gives an isomorphism between ff,;(Af;R) and ffi(Af;R) for all i, then 
e{Mp, Af ) turns into zero by definition. 
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10.4. The case of knots. As an illustration of Proposition 35, we treat the case where 
Ek is a knot exterior in this section. Actually, we express the sign term e using Alexander 
polynomials of Ek and Ek ■ 

Let Ek = \ N{K) denote the exterior of the knot K in and Ek be an m-fold 
cyclic cover over Ek where m is supposed to be odd. Wc moreover assume that the 
covering map p induces an isomorphism between Hi{EK',R) and Hi{EK',R), i.e., the n- 
fold branched cover over along K is a. rational homology three-sphere, i.e., all m-roots 
of unity are not a root of A^f (t) by Fox formula (see [BZ03, Theorem 8.21]). 

Under these conditions, the homology groups H^.{{Ek)p, Ek]^) are trivial and the 
integer e{{EK)p, Ek) turns into (see Remark 26). Repeat again that H^,{Ek;^) is 
given by (see Appendix A.l): 

HoiEK;R)^nptl Hi{Ek;R)^RM, H,{Ek;R) ^ {i ^ 2). 

Here {ptj denotes the class of the point and denotes the class of the meridian /i of K. 

Let IptJ and respectively be the bases of Ho{Ek',^) and Hi{Ek't^) such that 
P*{lPn = Iptl and p^lfij) = nlfil We set h| and h£ as h| = {{ptl M} and H = 
{Iptj, lf4}- Then the sign difference to{Ek) ■ to{Ek) given by sgn(Tors(p, hj, hj)) (see 
Proposition 35) can be expressed using the Alexander invariant of Ek and Ek as follows. 

Proposition 36. Under the assumptions given above, the sign-term in Equation (43) is 
expressed as 

e = s.gn(Tor(p,h|,h;^)) = sgn{AEjA'^) ' 

Proof. This is a computation using Fox differential calculus as shown in [BZ03] for exam- 
ple. Wc choose a Wirtinger presentation ni{EK) = {xi, . . . ,Xk\ri, . . . , rk-i) of ni{EK). 
From this presentation, we construct the usual 2-dimensional CW-complex W, which 
consists of a single 0-cell, k 1-cells xi,. . . ,Xk and {k — 1) 2-cells which correspond to 
relations. We know that W as the same simple homotopy type as Ek (see [Wal78]), thus 
their Reidemeister torsions are same. The boundary operator 82 : C2{W; R) Ci{W; R) 
is given by the Jacobian matrix {(^drj/dxi)'^)^., where (f): 'L['Ki{Ek)\ Z sends Xi to 1. 
Whereas 9i : Ci(VF;M) Co(VF;M) is just the zero map. From Milnor's result [Mil68] 
it is easy to obtain: 

Tor(i?A',CK*,K) = A£,,(l). 

Similarly we have that 

Tor(i?^,c^,hy = A^^(1). 

□ 

Appendix A. A natural homology orientation for link exterior 

In this section, we exhibit a natural, and in a sense compatible, homology orientation 
in the case where M is the exterior El = \ N{L) of a hnk i in 5^. Here N{L) 
denotes a tubular neighborhood of L. Observe that the boundary dAI of M consists in 
the disjoint union of b tori T^, . . . ,T^. For more details on homology orientations the 
reader is invited to refer to Turaev's monograph [Tur02]. 

The definition of the homology orientation needs some orientation conventions. We 
suppose that and L are oriented. Thus El = \ N{L) and each torus inherits 
the orientation induced by the one of S'^. Moreover each torus is given together with 
its peripheral-system (A^,/u^), where A^, the longitude, and fig, the meridian, generates 
Hi{T^;'Z). These two curves are oriented using the following rules: pi is oriented using 
the convention £k{pi, L) = -1-1, and Xe is oriented using the convention int(/z^, ) = -1-1. 

In what follows, we construct natural homology orientations for the link exterior El, 
for its boundary OEl = yJ}^iTf and for the pair (EltOEl). 
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A.l. Homology groups and homology orientations. We begin our investigations 
by describing in details the homology groups of the link exterior El^ of its boundary 
dEL = ^\=iTf and of the pair {EL,dEL). 

The homology groups of the torus are given as follows: 

H2{Tt, R) = M iTll H^{Tf- R) = M [AJ © M H^iTf- R) = R [pj. 

Here \Tf'\ is the fundamental class induced by the orientation of T^^, fip and arc given 
by the oriented meridian and the oriented longitude (see above) and \pi\ is the homology 
class of a base point. 

An application of Mayer- Vietoris sequence associated to the decomposition ~ El U 
{^\=iS^ X Z?!) gives us the following generators for the homology groups of E^: 

H2{El-M) = ©,ti'lR (Til Hi{El;M) = ©tiM |H, i/o(SL;R) = R M- 

To describe the homology groups of the pair (EljOEl) we use Poincarc duality and 
get the following generators: 

HsiEL^dELiR) ^MEl^OElI 
i72(^L, S^l; K) = K l^il © • • • © R 

i7i(£;L, a^L; R) = R l7il © • • • © M l7b-il- 

Here IEl^OElJ ~ {Pbl* is the fundamental class induced by orientations. If Se denotes 
the restriction of a Seifert surface of the component Ki in L to El , then its class fSiJ = 
lfJ.(J* ■ And finally, if ji denotes a path connecting the point pe to pb, then its class 

The homology orientations we fix on OEl, El and {El, QEl) are respectively induced 
by the following ordered bases: 

H^idEL-^M.) = (iTi^l, . . . , {T^l |Ail, [/ill, . . . , lAJ, I/iJ, bi], . . . , M)„ , 

(56) H.,{El-M) = (IT-^I, . . . , |r2_ J, l^i], . . . , I^J, M)^ , 

if.(i?L,ai?L;R) = (Ii?L,ai?Ll, I^ll, . . . , 1^6], l7l], . • • , I76-i])k. 

A. 2. A sign term. This combination of bases for the pair (EljOEl) arc natural in 
the sense that they are given by Poincare duality. In the case of link exteriors, using 
such homology orientations we will fix numbers of sign indeterminacy in our formulas. 
However, to be exhaustive it remains to us to explicitly compute the Rcidcmcister torsion 
of the long exact sequence in homology associated to the pair {El, OEl)- This torsion is 
a new sign term, given in the following proposition, which will give us the sign-term in 
the symmetry formula for the polynomial torsion (see Section 7, in particular Theorem 14 
and Equation (16)). 

Proposition 37. The torsion of the long exact sequence in homology associated to the 
pair {El, OEl) in which homology groups are endowed with the distinguished bases given 
in Equation (56) is equal to (— l)''^''^!)/^. 

Proof. Let denotes the long exact sequence in homology associated to the pair 
{El, OEl)- Counting dimensions, it is easy to observe that Ti.^ is decomposed into the 
following three short exact sequences: 

(57) Hi''> : ^H,+i{EL,dEL;M.)^^H,{dEL;M.)^^H,{EL;R) ^0 

for i = 0, 1, 2. Here (5^*^ denotes the connecting homomorphism and j**'' is induced by the 
usual inclusion OEl ^ El- Thus, the torsion of TC* is equal to the alternative product 
of the three torsions of the above short exact sequences (57). 

The torsions are computed with respect to the bases given in Equation (56) and we 
have: 
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Claim 38. For i ~ 0,1, 2, we have: 



AO) 





= (- 






= (- 


_^^b{b-l}/2 


},0) 


= (- 


-1)^-1. 



Proof of the claim. Each torsion of tlic sliort exact sequences Til'^ can be calculated as 
follows. 

/(2) 



(58) 



Computation o/Tor(Hi % {hj;^ , h^^,^ , h^^^ ^^^^}, 0). 

The connecting homomorphism S^'^^ maps lEi^,dE]^J to [T^^] + • 
Moreover one has ji^\lT^j) = [r|l for^ = 1, . . . ,5-1. Thus the set {[T^], . . . , |T2_J} 
of vectors in H2{dEi^;M.) can be chosen as lifts of the distinguished basis of 

(2) 

H2{El;W). As a result, the torsion of this short exact sequence Hi is given by 
the following base change determinant: 



= [{siiEL,dEa), iTi,j}/mi m. 



(-1) 



Computation of Tor(wl^^ , {h|;^ , h;^^ , h*^^ g^^^}, 0). 

The connecting homomorphism ^^^^ maps {Sij to [A^] +J2k^i ^^i^e, -f^fe)lMfel 
where £k denotes the linking number. Moreover, = l^^], for £ = 

1, . . . ,b. Thus, the set . . . , [Mb]} of vectors in i/i(9£'L; M) can be chosen 

as lifts of the distinguished basis of Hi{El;'R). It follows that the torsion of the 
short exact sequence Til^'' is given by the ratio of the following two determinants 
of bases change matrices: 

= miSbj), sas,j), iMii, . . . , iA^b]}/{iAi], iMii, . . . , M, iM}] • 

Observe that the determinant in the right-hand side of Equation (58) can be 
written again as the product of the following two base change determinants: 



D, = [{S{is4),...,6{is4),ifi4, 

7^2 = [{IAb],...,IAi],lMil,. 
It is easy to observe that 

i^i-[{[Ai],...,[AJ,lMil... 



..,I/iJ}/{IAJ,...,IAi],lMil,...,lA.J}] 

IM}/{M,...,IAi],Imi1,...,IM}] 







1 



1 







= (-l)*'(''-l)/2^ 



and that D2 = 1, because it is the signature of a product of even permutations. 



As a conclusion, we have that Tor (Hi ' , {h*j^^ , h; 

Computation of ToT{Hi°\ {h*^^ , hj^^ , h*^^ g^^^}, 0). 
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_;L)b(6-l)/2_ 



The connecting homomorphism S^*^^ maps I'fij to |pb 



1 , . . . , 5 — 1 . Also observe that j 

AO) 



IPil for all e 
Ipbl- Thus, the torsion of the short 



exact sequence is given by the following base change determinant: 
ToTini'\{h*E,,KE,,hlE,,aEr,)}^ 0) = [{^(l7i]), ■ • ■ , S{tft-il), . . . , W}] 



-1 



-1 
1 1 



(-1) 



6-1 



□ 



Using this result, we conclude that the torsion of is 
Tor(K, {h|j^ , ht,^;^ , h^^^ a^^)}, 0) 



(-1) 



b(6-l)/2 



□ 
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